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Infinite nested radicals of the form iJZ ++/2++2+ - arise from the iterated

function system ++/2  x. These functions can be combined to construct a
coalgebra a: [—2,2] = F([—2,2]) for an endofunctor F on the category of bi-pointed
sets and metric spaces, which takes two copies of the given set and glues it along a
point. The final F-coalgebra for this functor is e:[—1,1] = F([—1,1]), where the
coalgebra structure is related to the iterated function system 0.5x % 0.5. The
coinduction principle now implies that there is a unique map g:[-2,2] = [-1,1]
satisfying the property F(g) o a = e o g. In this paper, we use this formulation to
derive the relationship between nested radicals and numbers in the unit interval.
For example, we conclude that every finite nested radical of the given form is
associated with a dyadic rational in the interval [—1,1] via the function g and every
number in the interval [—2,2] has an infinite nested radical expansion of the given
type. The results we present are well known and the proofs given here bear some
similarity to that are based on conjugate dynamical systems. However, the proof
method we present gives a new insight to how category theoretic notions such as
the theory of coalgebras and coinduction principle can be relevant in formulating
and understanding such problems. In particular, we believe that these methods are
applicable to a more general context. For example, one can speculate that there are
similar implications to the dynamics of x*> — ¢ for ¢ = 2, where ¢ = 2 is what we
have considered here.
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