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For bounded right linear operators, in a right quaternionic Hilbert space with a left
multiplication defined on it, we study the approximate S-point spectrum. In the same
Hilbert space, then we study the Fredholm operators and the Fredholm index. In par-
ticular, we prove the invariance of the Fredholm index under small norm operator and
compact operator perturbations. Finally, in association with the Fredholm operators,
we develop the theory of essential S-spectrum. We also characterize the S-spectrum
in terms of the essential S-spectrum and Fredholm operators. In the sequel, we study
left and right S-spectra as needed for the development of the theory presented in this
note. Published by AIP Publishing. https://doi.org/10.1063/1.5040017

l. INTRODUCTION

In the complex theory, Fredholm operators play an important role in the investigations of various
classes of singular integral equations, in the theory of perturbations of Hermitian operators by Her-
mitian and non-Hermitian operators, and in obtaining a priori estimate in determining properties of
certain differential operators.>*!>-8:1418 The Fredholm alternative theorem is used to derive an adjoint
equation to the linear stability equations in fluid dynamics and useful in scattering of a 1-D particle
on a small potential barrier; see Ref. 15 and the many references therein.

In the complex case, studies of Fredholm theory and perturbation results are of great importance
in the description of the essential spectrum. In several applications, such as the essential spectrum
of the Schrodinger equations, essential spectrum of the perturbed Hamiltonians, in general, essential
spectrum of the differential operators, essential spectrum of the transport operator (transport of the
neutron, photons, molecules in gas, etc.), in particular, the time dependent transport equations arise
in a number of different applications in Biology, Chemistry, and Physics, and information about it is
important.>!4-16:1224 Fyrthermore, near the essential spectrum, numerical calculations of eigenvalues
become difficult. Hence they have to be treated analytically.'> There are several distinct definitions of
the essential spectrum. However they all coincide for the self-adjoint operators in Hilbert space.!*3
In this note, we only consider the essential spectrum associated with Fredholm operators in the
quaternionic setting.

In the complex setting, in a Hilbert space $), a bounded linear operator, A, is not invertible if
it is not bounded below (the same is true in the quaternion setting; see Theorem 3.7). The set of
approximate eigenvalues which are A € C such that A — Al is not bounded below, where I is the
identity operator on 3, equivalently, the set of A € C for which there is a sequence of unit vectors
@1, ¢2, ... such that ’111_1)101o [[Ag, — A¢ynll = 0. The set of approximate eigenvalues is known as the

approximate spectrum. In the quaternionic setting, let Vﬁ be a separable right Hilbert space, A be a

bounded right linear operator, and Rq(A) = A?—2Re(q)A+|q Izllvﬁ, with q € H, the set of all quaternions,

be the pseudo-resolvent operator, and the set of right eigenvalues of Rq(A) coincide with the point
S-spectrum (see Proposition 4.5 in Ref. 13). In this regard, it will be appropriate to define and study
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the quaternionic approximate S-point spectrum as the quaternions for which Ry(A) in not bounded
below.

Due to the non-commutativity, in the quaternionic case, there are three types of Hilbert spaces:
left, right, and two-sided, depending on how vectors are multiplied by scalars. This fact can entail
several problems. For example, when a Hilbert space H is one-sided (either left or right), the set of
linear operators acting on it does not have a linear structure. Moreover, in a one sided quaternionic
Hilbert space, given a linear operator A and a quaternion q € H, in general, we have that (qA)" # gA"
(see Ref. 20 for details). These restrictions can severely prevent the generalization to the quaternionic
case of results valid in the complex setting. Even though most of the linear spaces are one-sided,
it is possible to introduce a notion of multiplication on both sides by fixing an arbitrary Hilbert
basis of H. This fact allows us to have a linear structure on the set of linear operators, which is
a minimal requirement to develop a full theory. Thus, the framework of this paper, in part, is a
right quaternionic Hilbert space equipped with a left multiplication, introduced by fixing a Hilbert
basis.

As far as we know, the Fredholm operator theory and the essential S-spectrum and the approx-
imate S-point spectrum have not been studied in the quaternionic setting yet. In this regard, in
this note, we investigate the quaternionic S-point spectrum, Fredholm operators, and associated S-
essential spectrum for a bounded right linear operator in a right quaternionic separable Hilbert space.
Since the pseudo-resolvent operator, Rq(A), has real coefficients, the left multiplication defined in
a right quaternionic Hilbert space plays a little role. Even the non-commutativity of quaternions
does not play an essential role. Even though the S-approximate point spectrum, the S-essential
spectrum, and the Fredholm operators are structurally different from its complex counterparts, the
results we obtain and their proofs are somewhat similar to those in the corresponding complex
theory.

The article is organized as follows. In Sec. II, we introduce the set of quaternions and quaternionic
Hilbert spaces and their bases, as needed for the development of this article, which may not be familiar
to a broad range of audiences. In Sec. III, we define and investigate, as needed, right linear operators
and their properties. We have given proofs for some results which are not available in the literature.
In Sec. III A, we define a basis dependent left multiplication in a right quaternionic Hilbert space. In
Sec. III B, we deal with the right S-spectrum, left S-spectrum, S-spectrum, and its major partitions. In
Sec. IV, we provide a systematic study of compact operators which has not yet been done in the litera-
ture. In Sec. V, we study the approximate S-point spectrum, o-;jp (A), of abounded right linear operator,
A, in aright quaternionic Hilbert space. In particular, we prove that a'gp (A) is a non-empty closed sub-
set of H and the S-spectrum is the union of the O'EP(A) and the continuous S-spectrum. In Sec. VI, we
study the Fredholm operators and its index for a bounded right linear operator. In particular, we prove
the invariance of the Fredholm index under small norm operator and compact operator perturbations.
In this section, since a quaternionic multiple of an operator is not involved, the proofs of these results
are almost verbatim copies of the complex ones. In Sec. VII, we study the essential S-spectrum as
the S-spectrum of the quotient map image of a bounded right linear operator on the quaternionic
version of the Calkin algebra and then characterize the S-essential spectrum in terms of Fredholm
operators. We also establish the so-called Atkinsons theorem, prove the invariance of the essential
S-spectrum under compact perturbations, and give a characterization to the S-spectrum in terms of
Fredholm operators and its index (see Proposition 7.18). Section VIII ends the manuscript with a
conclusion.

Il. MATHEMATICAL PRELIMINARIES

In order to make the paper self-contained, we recall some facts about quaternions which may
not be well known. For details, we refer the reader to Refs. 1, 13, and 23.
A. Quaternions

Let H denote the field of all quaternions and H* denote the group (under quaternionic
multiplication) of all invertible quaternions. A general quaternion can be written as
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a=qo+qii+@j+qk,  q0,91,92,93€R,
where i, j, k are the three quaternionic imaginary units, satisfying i> = j> = k? = -1 and ij = k = —ji,
jk =1i=-Kkj, ki = j = —ik. The quaternionic conjugate of q is
q=q0 —iq1 — jg> — kg3,
while |q| = (qu_l/ 2 denotes the usual norm of the quaternion q. If q is the non-zero element, it has

inverse q! = # Finally, the set
q

. . 2 2 2
S={I=x1i+x2j+x3Kk | x1,x2,x3 €ER, x7 +x5 +x3=1}

contains all the elements whose square is —1. It is a 2-dimensional sphere in H identified with R?.

B. Quaternionic Hilbert spaces

In this subsection, we discuss right quaternionic Hilbert spaces. For more details, we refer the
reader to Refs. 1, 13, and 23.

1. Right quaternionic Hilbert space

Let Vﬁ be a vector space under right multiplication by quaternions. For ¢, ¥, w € Vﬁ and q € H,
the inner product

VR o R
- -)Vﬁ (Vg x Vg—H
satisfies the following properties:

M) @0y = D).

(i) ||¢||‘2/R =(¢| ¢)V§ > (0 unless ¢ =0, a real norm,
(i) (@10 + W)y = (@1 Wye + (@ W)y,
(W) (@ lwaye =g [W)ya,

(V) {@a1¥)yn =T [ W)y,

where q stands for the quaternionic conjugate. It is always assumed that the space Vﬁ is complete
under the norm given above and separable. Then, together with (. | -), this defines a right quaternionic
Hilbert space. Quaternionic Hilbert spaces share many of the standard properties of complex Hilbert
spaces. In this paper, more than one Hilbert space will be involved in the results, but one notices that
every Hilbert space, involved in results, is right quaternionic Hilbert space.

The next two propositions can be established following the proof of their complex counterparts;
see, e.g., Refs. 13 and 23.

Proposition 2.1. Let O ={¢; | k € N} be an orthonormal subset of Vﬁ, where N is a countable
index set. Then the following conditions are pairwise equivalent:

(a) The closure of the linear combinations of elements in O with coefficients on the right is Vﬁ.
(b) Forevery ¢,y € VR, the series Yy (6 | (’Dk>VH§I<"Dk | ¢>VH’_§ converges absolutely and it holds

@ 1¥)yr = D (@1 @dya(pr | ¥)ye.
keN

(c) Forevery ¢ € VR, it holds
2 2
”¢”vﬁ= § Kerl v I

keN

(d) O*+={0}.
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Definition 2.2. The set O as in Proposition 2.1 is called a Hilbert basis of V}Rﬂ.

Proposition 2.3. Every quaternionic Hilbert space Vﬁ has a Hilbert basis. All the Hilbert bases
of Vﬁ have the same cardinality.

Furthermore, if O is a Hilbert basis of Vﬁ, then every ¢ € Vﬁ can be uniquely decomposed as
follows:

6= erler] Oy,

keN

where the series ) ey @r{¢rk | ¢>v{§[ converges absolutely in Vﬁ.

It should be noted that once a Hilbert basis is fixed, every left (resp. right) quaternionic Hilbert
space also becomes a right (resp. left) quaternionic Hilbert space.!>3

The field of quaternions H itself can be turned into a left quaternionic Hilbert space by defining
the inner product {q | q’) = qq’ or into a right quaternionic Hilbert space with (q|q’)=qq’.

lll. RIGHT QUATERNIONIC LINEAR OPERATORS AND SOME BASIC PROPERTIES

In this section, we shall define right H-linear operators and recall some basis properties. Most
of them are very well known. In this manuscript, we follow the notations in Refs. 2 and 13. We shall
also recall some results pertinent to the development of the paper.

Definition 3.1. A mapping A:D(A) C Vﬁ—> Uﬁ, where D(A) stands for the domain of A, is said
to be right H-linear operator or, for simplicity, right linear operator, if

A(pa+yb)=(Ad)a+ (AY)b, if ¢, y €DA) and a,beH.

The set of all right linear operators from V{f to Uf will be denoted by L(VE, UF), and the identity
linear operator on Vﬁ will be denoted by ]Iv]gl. For a given A € L(VX, Uﬁ), the range and the kernel
will be

ran(A)={y e U | Ag=y for ¢ € D(A)},
ker(A) = {¢ € D(A) | Ap = 0}.

We call an operator A € L(VR, U]fﬂ) bounded if

lAll=sup [lA¢llyx < oo, (3.1

Il g =1

or equivalently, there exists K > 0 such that ||A¢|| Uk <K ”¢”V§ for all ¢ € D(A). The set of all bounded

right linear operators from Vi to UR will be denoted by B(V{}, UF). The set of all invertible bounded
right linear operators from Vﬁ to Uﬁ will be denoted by G(VE, Uﬁ). We also denote for a set A C H,
A" ={q|qeA}.

Assume that Vﬁ is a right quaternionic Hilbert space and A is a right linear operator acting on it.
Then, there exists a unique linear operator A" such that

W1AP)yr =AY | g)ye forall ¢ D),y e DA, (3:2)
where the domain D(A") of AT is defined by
D(A") = (¢ € Ugj | g such that (y | Ad)yr = (¢ $)yr ).

The following theorem gives two important and fundamental results about right H-linear bounded
operators which are already appeared in Ref. 13 for the case of VHIfI = Uﬁ. Point (b) of the following
theorem is known as the open mapping theorem.
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Theorem 3.2. Let A:D(A) C Vﬁ—> Uﬁ be a right H-linear operator. Then

(a) AeB(VE, Uﬁ) if and only if A is continuous;
®) if AGB(VR,UH‘EI) is surjective, then A is open. In particular, if A is bijective, then
AT e BVE, UD).

Proof. The proof is the same as the proof in a complex Hilbert space (see, e.g., Ref. 8). O

The following proposition provides some useful aspects about the orthogonal complement
subsets.

Proposition 3.3. Let M C Vﬁ. Then

(@) M " is closed;
(b) if M is a closed subspace of VX, then V¥ =M & M*;
(c) if dim(M) < oo, then M is a closed subspace.

Proof. The proof is similar to the proof of the complex case (see, e.g., Ref. 22). O

The points (a) and (b) of the following proposition are already appeared in Ref. 13 for the case
R _ /R
Vg =Ug-
Proposition 3.4. Let A€ B(VR, Uﬁ). Then

(a) ran(4)* =ker(A").
(b) ker(A) =ran(A")L.
(c) ker(A) is a closed subspace of Vﬁ.

Proof. The proofs are elementary. O

Proposition 3.5. Let A: D(A): Vﬁ—> Uﬁ be a right quaternionic linear operator. If A is closed
and satisfies the condition that there exists ¢ > 0 such that

”A¢”Uﬁ > C”‘f’Hvﬁ’ for all ¢ € D(A),

then ran(A) is closed.
Proof. The proof can be manipulated from the Proof of Proposition 2.13 in Ref. 19. O

Proposition 3.6. If A e B(Vﬁ) and if ||A|| < 1, then the right linear operator ]IVERH — A is invertible

n
and the inverse is given by (HVQ A= ZA",
k=0

Proof. The proof is exactly the same as its complex version; see Theorem 2.17 in Ref. 10 for a
complex proof. O

Theorem 3.7 (Bounded inverse theorem). Let A € B(VE, Uﬁ), and then the following results are
equivalent:

(a) A has a bounded inverse on its range.
(b) A is bounded below.

(c) A s injective and has a closed range.

Proof. The proof is exactly similar to its complex version. See Theorem 1.2 in Ref. 18 for a
complex proof. O
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Proposition 3.8. Let A€ B(VE, Uﬁ), and then ran(A) is closed in Uﬁ if and only if ran(A") is
closed in V&.

Proof. The proof is the same as for the complex Hilbert spaces; see Lemma 1.5 in Ref. 18 for a
complex proof. O

Proposition 3.9. LetA € B(Vﬁ). Then,

(a) A is invertible if and only if it is injective with a closed range (i.e., ker(A) = {0} and ran(A)
=ran(A));

(b) Ais left (right) invertible if and only if Afis right (left) invertible;

(c) A isright invertible if and only if it is surjective (i.e., ran(A) = Vﬁ).

Proof. The proof is also exactly similar to its complex version. See Lemma 5.8 in Ref. 18 for a
complex proof. O

Definition 3.10. Let A € B(Vﬁ). A closed subspace M C Vﬁ is said to be invariant under A if
AM) C M, where AM)={A¢ | p € M}.

The following results hold in any quaternionic normed linear space.

Definition 3.11. Let Xﬁ be a quaternionic normed linear space. A subset C is said to be totally
bounded, if for every € > 0, there exist Ne Nand ¢; € C:i=1,2,3, ..., N such that

N
cc UB(%;S),
i=1
where B(y;; €) = {q)eXH]f1 | ll¢ — <,0,~||X]ﬁI <g}foralli=1,2,3,...,N.

Proposition 3.12. Let C be a subset in a right quaternionic normed linear space Xﬁ. Then

(a) C is compact if and only if C is complete and totally bounded;
(b) if dim(Xﬁ) < o0, C is compact if and only if C is closed and bounded.

Proof. The proof is exactly similar to the complex proof. For a complex proof of (a) and (b), see
Theorem 6.19 in Ref. 21 and Theorems 2.5-3 in Ref. 17, respectively. O

A. Left scalar multiplications on Uﬁ

We shall extract the definition and some properties of left scalar multiples of vectors on Uﬁ[ from
Ref. 13, as needed for the development of the manuscript. The left scalar multiple of vectors in a
right quaternionic Hilbert space is an extremely non-canonical operation associated with a choice of
preferred Hilbert basis. From Proposition 2.3, Uﬁ has a Hilbert basis

O={pk | keN}, (3.3)
where N is a countable index set. The left scalar multiplication on UI’;H induced by O is defined as the

map H x Uﬁ 5(q, ¢) — q¢ € UK, given by

a¢:= >, eralec | 9), (3.4)
keN
for all (q,¢) e H x Uf.

Proposition 3.13. (Ref. 13) The left product defined in Eq. (3.4) satisfies the following properties.
For every ¢,y € Uﬂlfﬂ and p, q € H,
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(@ q(¢+y)=q¢+qy and q(¢p) = (qP)p,
®) gl =lalll#ll,

(©) q(pe)=(ap)¢,

(d (agly)=<(Slay),

(e) r¢=¢r forallreR,

®) qex=¢rq, forallk € N.

Remark 3.14. (1) The meaning of writing p¢ is p - ¢ because the notation from Eq. (3.4) may
be confusing, when Uﬁ =H. However, regarding the field H itself as a right H-Hilbert space, an
orthonormal basis O should consist only of a singleton, say {¢o}, with |¢g| = 1 because we clearly
have 0 = po{¢0|8), for all 6 € H. The equality from (f) of Proposition 3.13 can be written as pyg = ¢op,
for all p € H. In fact, the left-hand side may be confusing and it should be understood as p - o because
the true equality peo = ¢op would imply that ¢y = +1. For the simplicity, we are writing p¢ instead
of writing p - ¢.

(2) Also one can trivially see that (p + q)¢ =p¢ + q¢, forall p,qeH and ¢ € Uﬁ.

Furthermore, the quaternionic left scalar multiplication of linear operators is also defined in
Refs. 5 and 13. For any fixed q € H and a given right linear operator A : VE—UE, the left scalar
multiplication of A is defined as a map gA : Vﬁ_> Uﬁ by the setting

(@A)¢ = q(A9) = D pralpi | Ag), (3.5)

keN

forall ¢ € V). Itis straightforward that gA is a right linear operator. If ¢ € V¥, for all ¢ € V, one can
define the right scalar multiplication of the right linear operator A : Vﬁ—> Uﬁ asamapAq: V§—> Uﬁ
by the setting

(Aq)¢ = A(q¢), (3.6)

for all ¢ € D(A). Itis also a right linear operator. One can easily obtain that, if q¢ € VX, for all ¢ € VX,
and V{ is dense in U, then

(qA)" =ATq and (Aq)" =gAT. (3.7)

B. S-spectrum

For a given right linear operator A : D(A) C Vﬁ—"’ﬁ and q € H,, we define the operator Rq(A):
D(A%)—H by

Ry(A)=A? = 2Re()A + [q Ly,

where q = go +iq| +jg» + kg3 is a quaternion, Re(q) = ¢, and |q|*> = q(z) + q% + q% + q%. In the literature,
the operator is called pseudo-resolvent since it is not the resolvent operator of A but it is the one
related to the notion of spectrum as we shall see in the next definition. For more information, on the
notion of S-spectrum, the reader may consult, e.g., Refs. 4, 5, 7, and 13.

Definition 3.15. Let A: D(A) € VE—V{E be a right linear operator. The S-resolvent set (also
called spherical resolvent set) of A is the set ps(A) (C H) such that the three following conditions
hold true:

(@) ker(Rq(A))=1{0}.
(b) ran(Rq(A)) is dense in VR
(€) Ry(A)™':ran(Ry(A))—D(A?) is bounded.

The S-spectrum (also called spherical spectrum) o-s(A) of A is defined by setting o7s(A) := H \ ps(A).
For a bounded linear operator A, we can write the resolvent set as
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ps(A) = (g e H | Ry(A) € G(V))
{qeH | Ry(A) has an inverse in B(Vﬁ)}
={qell| ker(Rq(A))={0} and ran(Ry(A))= Vﬁ},

and the spectrum can be written as
os(A)=H\ ps(A)
={geH | Ry(A) has no inverse in B(Vﬁ)}
={qeH | ker(Ry(A))#{0} or ran(R4(A))# VE).

The right S-spectrum o-3(A) and the left S-spectrum O'IS (A) are defined, respectively, as
o (A)={qeH | Ry(A) in not right invertible in B(V{) },
07 (A)={qeH | Rq(A) in not left invertible in B(V{E) }.
The spectrum o g(A) decomposes into three major disjoint subsets as follows:
(i) The spherical point spectrum of A:
Tps(A):={g € H | ker(Rq(A) # (0}).
(i) The spherical residual spectrum of A:
ors(A)i={q e H | ker(Rq(A)) = {0}, ran(Rq(A)) # Vi§ ).
(iii) The spherical continuous spectrum of A:
Tes(A):={q €H | ker(Rq(A)) = {0}, ran(Ry(A)) = Vi§, Ry(A) ™" ¢ B(VE) ).

If Ap = ¢q for some ge Hand ¢ € Vﬁ \ {0}, then ¢ is called an eigenvector of A with the right
eigenvalue q. The set of right eigenvalues coincides with the point S-spectrum; see Ref. 13,
Proposition 4.5.

Proposition 3.16 (Refs. 6 and 13). For A € B(Vﬁ), the resolvent set pg(A) is a non-empty open
set and the spectrum o g(A) is a non-empty compact set.

Remark 3.17. For A € B(Vﬁ), since o"g(A) is a non-empty compact set so is its boundary. That
is, dos(A) = dps(A) # 0.

Proposition 3.18. LetAe B(Vﬁ),

a-lS(A) ={qeH | ran(R4(A)) is closed or ker(Ry(A)) # {0}}, 3.8)
cSA)={qeH | ran(R,(A)) is closed or ker(Ra(AT)) +{0}}. (3.9)

Proof. LetA € B(VE)and q € H. Set S = Ry(A) € B(VE). By Proposition 3.9, § is not left invertible
if and only if ran(S) is not closed or ker(S) # {0}. Thus we have Eq. (3.8). Again by Proposition
3.9, A is not right invertible if and only if ran(S) # V. ran(S) # V& if and only if ran(S) # ran(S)
or ran(S) # VK. That is, ran(S) # V& if and only if ran(S) # ran(S) or ker(S")* # VX. Hence we have
Eq. (3.9). O

IV. QUATERNIONIC COMPACT OPERATORS

A systematic study of quaternionic compact operators has not appeared in the literature. In this
regard, in this section, as needed for our purpose, we provide certain significant results about compact
right linear operators on Vﬁ.
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Definition 4.1. Let Vﬁ and Uﬁ be right quaternionic Hilbert spaces. A bounded operator K :
Vﬁ—> Uﬁ is compact if K maps bounded sets into precompact sets. That is, K (U) is compact in UX,
where U ={¢ € VHRﬂ | ||¢||v§ < 1}. Equivalently, for all bounded sequences {¢,} | in Vﬁ, the sequence

{K $n}, has a convergence subsequence in UE.!!

We denote the set of all compact operators from V& to Uf by Bo(Vg, UR) and the compact
operators from VX will be denoted by Bo(VE).

Proposition 4.2. The following statements are true:

(@) If(q,A) e HxBy(VE, UR), then gA, Aq € Bo(V, UR) which are defined by Egs. (3.5) and (3.6),
respectively.

(b) Bo(VE, Uﬁ) is a vector space under left-scalar multiplication.

(©) Tf{A,} CB(VR, UR)and A € Boy(VE, UR) such that ||A, — Al| — 0, then A € By(VE, UR),

(d) IfAeBWUE), BeB(UL), and K € By(VE, UR), then AK and KB are compact operators.

Proof. Let {¢,} C Vﬁ be a bounded sequence. Then {A¢, } has a convergent subsequence. Thus
{gA¢,} also has a convergent subsequence, and so gA is a compact operator. Now {q¢,} C Vﬁ is also
a bounded sequence. Thus {(Aq)¢,} has a convergent subsequence, as A is compact. Therefore point
(a) follows. And point (b) is straightforward.

Now suppose that {A,} € Bo(VE, U§) and A € B(VE, UR) such that ||A, — A]| > 0 and let £ > 0.
Then by Proposition 3.12, it is enough to show that A(U) is totally bounded, as m is a complete
set, where U ={¢ € Vﬁ | ”¢”Vﬁ <1}. Let € > 0, and then there exists N € N such that ||A — A, ||
< &/6, for all n > N. Since A, is compact, there is ¢; € U: j=1,2, 3, ..., m such that

AyU) SA ) | BAngy: 6/6),
i=1

where B(A,¢j; £/6) = {Aud | 1A,6=Ang;llyx </6}, forall j=1,2,3,...,mandn e N. Lety € AD).

Then there exists a sequence {¢*)} C U such that A¢*) —  as £ — co. So for each (n,() € N?,
there is ¢; € U such that [|[A,¢; — A,¢ Ol jx < /6 as 4,80 € A,(U), for all (n, €) € N*. Therefore,
H

for each (n, £) e N? with n > N,

1Ag; = A6y < IAd; — Ansjll g + 1Ands — Andll s + 1400 = APl
<2[|A-A,ll +&/6
<eg/2.

Now taking limit £ — o on both sides of the inequality [|Ag; — Al x < &/2 gives |Ad; — ¥l yz
H H
< &/2 < ¢ as the norm ||| is a continuous map. Thus

A c| BAg;; o).
i=1

This concludes the result of (c).

Now suppose that A € B(UR), B B(VE), and K € By(V{, UR). Then for any bounded sequence
{pn} C Vﬁ, {Kop,} C Uﬁ has a convergent subsequence {K¢,, }, as K is compact. Thus {AK¢,, } is a
convergent subsequence of {AK ¢, } because A is continuous. That is, AK is compact. In a similar
fashion, we can obtain that KB is compact. Hence the results hold. |

Definition 4.3. An operator A: VE—UR is said to be of finite rank if ran(A) C UR is finite
dimensional.
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Lemma 4.4. The following statements are equivalent:
(a) The operator A: Vﬁ—) Uﬁ is a finite rank operator.
(b) Foreach ¢ € VR there exists (vi,u;) € Vﬂljl X Uﬁ :i=1,2,3,...,n such that

n

i |y =65 and Ap= )" uivi | Gy, (@.1)
i=1

where 0;; is the Kronecker delta.

Proof. Suppose that (a) holds. Then dim(ran(A)) < oo, and so there exists an orthonormal basis
ei:i=1,2,3,...,nforran(A). Thus for each ¢ € VR,

n

Ap= Z ei{ei | Ap)yr = Z eAe; | Prve-
im1

i=1

Point (b) follows as taking u; = ¢; and v; = ATe;. On the other hand, suppose (b) holds. Then it
immediately follows that ran(A) =right span over H{w; | i=1,2,3,...,n} as u; € ran(A), for all
i=1,2,3, ..., n Assume that

dg;eH: i=1,2,3,...,n such that u;q; =0.

n
i—1

4

Since Z;’:I(ATui)qi =0 and there exists ¢, € Vﬁ such that u; = A¢;, foralli=1, 2, 3, ..., n, we have
foreachj=1,2,3,...,n,

G= D T 1Ag e = ) (ATua; 1)y =0.
i=1 i=1

That is, the set {u; | i =1, 2, 3, ..., n} is linearly independent. Thus {u; | i=1,2,3, ..., n}is an
orthonormal basis for ran(A), and the point (a) holds. Hence the lemma follows. m]

Lemma 4.5. In Lemma 4.4, the set {u; |i=1, 2, 3, ..., n} of vectors can be chosen to be an
orthonormal basis for ran(A), and the adjoint of A can be written as

ATy = v 1) s, 42)
i=1

forall Y € Uﬁ. Furthermore, A'u; = v; foralli=1,2,3, ..., nand the set {v; | i=1,2,3,...,n} of
vectors can be chosen to be a basis for ran(A").

Proof. In Lemma 4.4, one can trivially observe that the set {u; | i=1,2,3, ..., n} of vectors can
be chosen to be an orthonormal basis for ran(A). Now let (¢, ) € VHRﬂ X Uﬁ, and from Eq. (4.1), we
have

W 1A = D W L)y (vi| By,
i=1

This implies that <ATlﬁ | ¢>Vﬁ =/ Z;‘:I v | M,’>U11§1 |¢>Vn§1’ and so Eq. (4.2) holds. From Eq. (4.2) ,

it immediately follows that Afu; =v; foralli=1,2,3, ..., n as (| uj)Uﬂ;§1 =0;. This guaran-
tees that for each i = 1, 2, 3, ..., n, v; € ran(A"), and it suffices, together with (4.2), to say that
ran AT) =right span over H{v; | i=1,2,3,...,n}. Now assume that

dp;,eH: i=1,2,3,...,n such that vip; =0.

=1
Then 3.7 (ATu;)p; =0and 3, u;p; € ker(A™) = ran(A)* by (a) of Proposition 3.4. Thus 3}, u;p; =0

as u; € ran(A), forall i =1,2,3, ..., n. Since {u; | i=1, 2, 3, ..., n} forms a (orthonormal) basis,
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we have foreachi=1,2,3,...,n,p;=0. Thatis, {v; | i=1,2,3, ..., n}is alinear independent set
in ran(A"). This completes the proof. O

Theorem 4.6. Let A€ B(VE, Uﬁ) be a finite rank operator. Then

(a) A is compact;
(b) A" eBWUE,VE) is a finite rank operator and dim(ran(A)) = dim(ran(A")).

Proof. Since the operator A : VE— U is a finite rank, we have dim(A(U)) < dim(ran(A)) < oo,
where U ={¢ € Vﬁ | ||¢||VH§ < 1}. Hence by Proposition 3.3, A(U) is closed. Now for each ¢ € U,

IA¢llyz < llAlllIgllye <Al

That is, A(U) is a closed and bounded set. Hence by Proposition 3.12, A(U) =A(U) is compact, and
so A is a compact operator. This concludes the point (a). From Lemmas 4.4 and 4.5, the point (b)
immediately follows. O

Definition 4.7. Let M C V& be a closed subspace, and then codim(M) = dim(VE/M).

Definition 4.8. Let A: V]g—> Uﬁ be a bounded operator, and then coker(A) := UH‘EI /ran(A) and
dim(coker(A)) = dim(Uﬁ) — dim(ran(A)).

Theorem 4.9. If A € B(UR, V]g), then the following statements are equivalent:

(a) A is compact.

(b) There exist finite rank operators A,, VRS UR such that ||A — A,]] = 0 as n — oo.
H H

(© Afis compact.

Proof. Suppose that point (a) holds. Then A(U) is a compact set, where U = {¢ € Vﬁ | |I¢|IV§1 <1}.
So A(U) is separable, and there exists an orthonormal basis {e;li = 1, 2, 3, ...} for A(U). Now, for
any n €N, define A, : Vﬁ—> Uﬁ by

n

Andp = Z ei(ATe; | $yg. forall ¢eVE.

i=1
Then by Lemma 4.4, A, is a finite rank operator, for all n € N. Furthermore, for every ¢ € U, we have
146 — Andlip =11 3 et er| Ghyalipn =11 ) eiter | ABYa g = > er | Ad)yr I
i>n i>n - i>n

Thus [|A¢ —A,,¢||U]§H—>O as n — oo, for all ¢ € U, since for each ¢ € U,

D 1eil Adyys P=| D Keil Ad)ys 1P = D I<ei |Ad)ys F|—0
i>n i=1 i=1

as n — oo. Therefore,
IA=Aull= sup [lAd —Angllyr—0

llgll,r=1
¢ Ve

as n — oo. Hence point (b) holds. .

Suppose that point (b) holds. Then |A* —Alll=lA-A,||l—0 as n — co. Thus point (c) follows
from Theorem 4.6 and (c) of Proposition 4.2.

The implication (c) = (a) can be obtained, by applying the implications (a) = (b) and (b) = (¢)
for A" and using the fact that A" = A. Hence the theorem follows. m}
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Proposition 4.10. If A e B(VHRH) is compact, then dim(ker(q]lvﬁ —A)) < oo, for all g e H \ {0}.

Proof. Let qeH \ {0}. Assume that dim(ker(q]lvg1 — A)) =co. Then there exists a sequence
{dn} C ker(qﬂvﬁ — A) such that )

1
”¢"”Vﬁ =1and ¢, — ¢m”‘/§1 > 3 for any m,neN with m #n,

as ker(qﬂvﬁ — A) is separable. Now for each n € N, A¢, = q¢, implies

||A¢n||v§ =|q| and ||A¢, _A¢m||v§ > %, for any m,n € N with m # n.

This suffices to say that A is not compact. This concludes the result. O

V. APPROXIMATE S-POINT SPECTRUM

Following the complex case, we define the approximate spherical point spectrum of A € B(Vﬁ)
as follows:

Definition 5.1. Let A€ B(Vﬁ). The approximate S-point spectrum of A, denoted by o'aSP(A), is
defined as

a'aSP(A) ={qeH | there is a sequence {¢, }Z":l such that [[¢,]|=1 and [|Rq(A)¢,||—0}.
Proposition 5.2. Let A € B(V{), and then o75(A) C 075, (A).

Proof. Let q € 0ps(A), and then ker(Ry(A)) # {0}. That s, {¢ € D(A?Y) | Rq(A)¢ =0} # {0}. There-
fore, there exist ¢ € D(A%) and ¢ # 0 such that Ry(A)¢=0.Set ¢, = ¢/||¢|| foralln=1, 2, .... Then
Il = 1 for all n and [|[Ry(A)¢,||—0 as n — oco. Thus q € a'gp(A). m]

Proposition 5.3. If A€ B(Vﬁ) and q € H, then the following statements are equivalent:
@ qgo,A).

(b) ker(Rq(A)) = {0} and ran(R,(A)) is closed.
(c) There exists a constant ¢ € R, ¢ > 0 such that ||[R,(A)¢| = c||¢]| for all ¢ € D(A?).

Proof. (a) = (c): Suppose (c) fails to hold. Then for every n, there exist non-zero vectors ¢,
such that

[l nll
IRq(A)pnll < ——.
n
1
Foreachn, lety, = |I$”|| ,and then ||y, || = 1 and [|Rq(A)y, || < ——0as n — oo. Therefore q € a'gp(A).
n n

(c) = (b): Suppose that there is a constant ¢ > 0 such that ||[R4(A)¢|| > cl|#]| for all ¢ € D(A?).

Therefore, Rq(A)¢ # 0 for all ¢ # 0 and R;(A)0 = 0. Therefore ker(Rq(A)) = {0}. Let ¢ € ran(R,(A)),
where the bar stands for the closure. Then there exists a sequence {¢,} C ran(R,(A)) such that ¢, —

1
¢ as n — oo, From (c), we have a constant ¢ > 0 such that ||¢, — ¢,,]| < leRq(A)qb,, - Ry(A)dpull.
Therefore {¢,} is a Cauchy sequence as {Rq(A)¢,} is a Cauchy sequence. Let ¢ = lim,,_,c0,, and
then Rq(A)y = lim Ry(A)¢, as Ry is continuous. Therefore Rq(A)y = ¢, and hence ¢ € ran(R,(A)),
from which we get ran(Ry(A)) C ran(R,(A)). Hence ran(R,(A)) is closed.
(b) = (a): Suppose that ker(Rq(A)) = {0} and ran(Ry(A)) is closed. Since A eB(Vﬁ), Rq(A)

is bounded and Rq(A):D(AZ)—>ran(Rq(A)) is a bijection. Therefore, by Theorem 3.2, there is
a bounded linear operator B: ran(Rq(A))—>D(A2) such that BRq(A)¢ = ¢ for all ¢ € D(A?). Thus,
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llgll = IBRy(A)¢l| < |IBIIIIR4(A)¢ || for all ¢ € D(A?). Therefore, if there is a sequence {¢,} C D(A?)

1
with [[¢,|| = 1, then 1 <||BJ|[|R4(A)¢x|l. That is, m < |IRq(A)¢y,|l. Hence, there is no sequence

{¢n} € D(A?) with ||¢, ]| = 1 such that [|Ry(A)g,[|—0 as n — co. Therefore q ¢ o7y, (A). o

Theorem 5.4. Let A € B(Vﬁ), and then Jgp(A) is a non-empty closed subset of H and dos(A) C
O'(fp(A), where dag(A) is the boundary of os(A).
Proof. Let q€ dogs(A). Since ps(A) # 0 and o5(A) is closed,
dos(A)=0ps(A) = ps(A) N os(A).
Therefore, there exists a sequence {q,,} € ps(A) such that q,—q as n — oo. Since,

Rq,(A) = Ry(A) = (g, [l = lgIDIyx - 2(Re(q,) — Re(q))A,  forall n,

we have Ry (A)—R,(A) in B(Vﬁ) as ||q,/l—1lqll and Re(q,,)—Re(q).

Claim. sup ||Rﬁ|n(A)_1 || = co. Since o 5(A) is closed, g, € ps(A), g€ dos(A), and q ¢ ps(A), we

have Ry, (A)—Rq(A) in B(VE) and Rq(A) € BIVE) \ G(VE).
Case-I1: q€ o-;jp(A). Assume sup [|R;, (A)7'|| < 0. Since qge a';jp(A), ker(Rq(A)) # {0}. Therefore.

there exits ¢ € D(A?) with ¢ # 0 such that Rq(A)¢ = 0. Thus,

0# llgll = IR, (A) 'Ry, (Al
< sup ||Ry, (A)~" || lim sup [|Ry, ()¢l

< sup [IRq, (A)lIIR4(A)¢ll =0,

which is a contradiction. Therefore sup IIan(A)‘1 || = o0.
n

Case-1I: q ¢ O';EP(A). Then ker(R,(A)) = {0}. Thus Rq(A)‘1 : ran(Rq(A))—>Vf§I exists. For each n,
we have

Ry, (A" = Ry(A) ™ =Ry, (A) ' [Ry(A) — Ry, (A)IRq(A) .
Assume sup |[Ry, (A)'|| <co. Then, since Ry (A)—Rq(A) in BVE), Ry, (A)'—Ry(A)" and
n

Ry(A)' € B(VY), that is, Rq(A)eG(VE), which is a contradiction to g€ os(A). Therefore,
sup IIRq”(A)_1 || = co. The claim is proved. Since IIan(A)‘] || = sup ||an(A)_1l,0||, we can take vectors
n [l =1

¢n € VE with ||, |l = 1 such that, for each n,
1 _ )
HMMVW;Q&MVMKMW@W

From which, we have sup IIan(A)_] @nll = oo, and hence, inf ||R,, (A)‘1 b ||_1 =0. Therefore, there are
n n

subsequences of {¢,} and {q,}, call them {¢;} and {q;} such that

IRg, () el —0,  as k—sco. 5.1)
Rq (M) '
Set yy = — 3~ " and then w1} is a sequence of unit vectors in VR with
IRq, (A)~ " il i H
IR, (AR, (A) " i 1 -l
1Rg, (A || = ==k = [I1Rq, ()" ull”

[IRq, (A)~ il
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Now, from (5.1) and as q,—¢, we have

IRq Akl = I(A” = 2Re(@)A + [al Tym |
= [I(A? ~ 2Re(q)A + [q; [*Tyx +2Re(q)A = |, [*Tyx — 2Re(@A + |q Ty
= [|(Rq, () = (I ” = 1) Lye + 2(Re(q;) ~ Re(@) A
< II(Rq, (Al + g * — al?] + 2IRe(qy) — Re()] [1All
= IRg, (A" el ™ +lael® = [a*] + 2IRe(qp) - Re(@)] [AI—0 as k—sco.
That is, [|Rq(A)y«||—0 as k — co. Hence q € O'gp(A) and therefore dos(A) C (T;jp(A). Furthermore,

from Remark 3.17, dos(A) # 0. Thus a'gp(A) 0.

Finally, take an arbitrary q € H\ o-fm (A) such that R4(A) is bounded below. Then, for all ¢ € D(A?)
and p € H, there exists @ > 0 (a € R) such that

allgll < IRy(A)g ||
< IRyl + 1I(Ip1* = 1q1*)¢ll + 2]I(Re(p) — Re(q)A4I,

which implies
(@ = | IpI* = 1a* | = 2I(Re(p) = Re@)IIAIDIIB]| < IR (A)gII.
Hence Ry (A) is bounded below for each p € H that satisfies
> [pl” = lal | +2|(Re(p) — Re(@)]IA].

From this, we can say that p e H \ o-;fp(A) for every p which is sufficiently close to q. Hence, there is
an open ball B, (q) centered at q with radius « such that B,(q) CH \ o-fp(A). Therefore H \ agp(A)
is open and ng(A) is closed. O

Theorem 5.5. Let A € B(V]}RH) and q € H, and then the following statements are equivalent:

(@) q¢o,A).
(b) geoi(A).
© qeai@Ah).
(d) ran(Rg(A")=VE.

Proof. For B B(VE), we have BR(A) = Iyx if and only if Rz(A")B' = Iyx. Therefore (b) and
(c) are equivalent.

(a) = (b): Suppose q ¢ crgp(A). Then by Proposition 5.3, ker(IR;(A)) ={0}. Hence Ry(A) is
invertible, and therefore Ry(A) is left invertible. Thus q ¢ o-ls (A).

(¢c) = (d): Since q ¢ o-f (A, RE(AT) is right invertible. Therefore, there is an operator C € B(VH’;)
such that R5(A")C = Iyx. Hence, VR = Rg(AT)C(VE) Cran(Rz(A")). Therefore V¥ = ran(Rg(A")).

(d) = (a): Suppose ran(Rz(A")) = VX Define T : ker(Rg(A")*—V{E by T¢=Rz(A")$. Then
ker(T) = {0}, that is, T is bijective and hence invertible. Let

C:VE—VE by Co=T"'¢.
Then CVE =ker(Rg(A"))* and Rg(A")C = Iyx. Hence, C'Ry(A)= Iyk and, for ¢ € VR,
g1l = ICTR, (A1l < ICTIl IRg(A)bI,

and from this, we get inf{||Rq(A)¢]l | [l =1} > ||CT||_1. Therefore, there is no sequence {¢,} C Vﬁ
with [|¢,|| = 1 and ||[Rq(A)¢,||—0. Hence q ¢ o-ﬁl,(A). m]
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Corollary 5.6. If A€ B(VR), then dc5(A) C o3(A) N 07 (A) = 075, (A) N 075, (AT)".

Proof. From Theorem 5.5, we have q¢05,(A) & q¢ o (A), and hence o75,(A) =) (A). Also
q¢ O'EP(AT) oq¢ O'S(A) & q¢oS(A), and therefore o-ap(AT)* =035(A). Let g€ dos(A), and then
by Theorem 5.4 q€ o5, (A)=03(A). If ¢ o5,(A"), then by Theorem 5.5 ran(Rz(A"))=V{ and
by Proposmon 5.3 ker(R (AT) ={0}. Thus R; (AT) is invertible. Therefore R q(A) is 1nvert1ble as
AeB(V, ) and hence q ech(A) which is a contrad1ct10n Therefore, g€ o (AT) which implies

qe oy, (AT =07 (A). Thus g € 07 (A) N o (A). o

Following the complex formalism in the following, we define the S-compression spectrum for
an operator A € B(V}).

Definition 5.7. The spherical compression spectrum of an operator A € 3( V]}RH), denoted by o3 (A),
is defined as

a’f(A) ={qgeH | ran(Ry(A)) isnot dense in VH‘?I }.

Proposition 5.8. LetA e B(Vﬁ) and g € H. Then,

(@) qeo>(A)ifand only if q € ops(A);
(b) oiA)c (rS(A)
(© os(A)=05,(A)U0i(A).

Proof. (a) q€0(A) & ran(Rq(A)) =ker(Rz(A"))* is not dense in VE o ker(Rz(A"))# {0}
e qea,sAh).

(b) Let g€ 0'5 (A), and then ran(Ry(A)) is not dense in Vﬁ. Ifq¢ a'f(A), then by Theorem 5.5
q¢o;,(AT), and thus, again by Theorem 5.5, ran(Rq(A)) = VX, which is contradiction. Therefore
q€03(A) and hence o3(A) C o5 (A).

(c) Let qeos(A), and then Rq(A) is not invertible in B(V. ) That is, ker(Rq(A))# {0} or
ran(Rq(A)) # VR Therefore, by Proposmon 5.3,q¢€ a' (A) Hence og(A) C a' (A) U o-S (A).

Letqe 0' p(A) U o-S(A) Ifge 0' (A) then by Proposmon 5.3 ker(Ry(A)) # {0} or ran(R,(A)) is
not closed. Hence ker(Rq(A)) # {0} or ran(R (A) # VR Thus qe os(A). Ifq e o-S (A), then ran(Ry(A))
is not dense in V;\. Therefore ran(Rq(A)) # Vi and hence q € os(A). In summary, o5, (A) U 073 (A)
Cos(A). Hence (c) holds. O

VI. FREDHOLM OPERATORS IN THE QUATERNIONIC SETTING

In the complex setting, the Fredholm operators are studied in Banach spaces and Hilbert spaces
for bounded and even unbounded linear operators. In this section, we shall study the theory for
quaternionic bounded linear operators in separable Hilbert spaces. In this regard, let VHRﬂ and U]fﬂ be
two separable right quaternionic Hilbert spaces.

Definition 6.1. A Fredholm operator is an operator A € B(VE, U]fﬂ) such that ker(A) and
coker(A) = Uﬁ /ran(A) are finite dimensional. The dimension of the cokernel is called the codimension,
and it is denoted by codim(A).

Proposition 6.2. If A€ B(VE, Uﬁ) is a Fredholm operator, then ran(A) is closed.

Proof. Restrict A to ker(A)*, that is, Alxer(a)- :ker(A)l—>UH§I. Then we can assume that ker(A)
= {0}. Since A is Fredholm, assume that codim(A) = dim(Uﬁ /ran(A)) < oo. Therefore, there exists a
finite dimensional subspace V C Uy R such that Uy R —ran(A) @ V. Since V is finite dimensional, V is
closed. Hence UR Vo V: Let P UR—>Vl be the orthogonal projection onto V+. Hence P is a
bounded bl_]eCthIl Let G == PA: ker(A)l —> V+, which is a composition of two bounded operators,
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and so G is a bounded bijection as A and P are bounded bijections and thereby continuous. Therefore
by the open mapping theorem, G™!: V+ — ker(A)* is bounded.
Lety eran(A). Then, there exists a sequence {¢,} C Vﬁ such that lim,A(¢,) =y . Thus lim PA(¢,,)
n

= P(y) exists in V. That is, lim G(¢,) = P(¢) exists in V. Hence, ¢ := lim ¢, = G"'P(y) =A™ ()

exists in Vﬁ. Therefore, y = A(¢) € ran(A). Hence ran(A) is closed. ]

Definition 6.3. Let A € B(VE, Uﬁ) be a Fredholm operator. Then the index of A is the integer,
ind(A) = dim(ker(A)) — dim(coker(A)).

Remark 6.4. Sinceran(A)is closed, we have Uﬁ =ran(A)®ran(A)* = ran(A)®ker(A"). Therefore,
coker(A) = Uﬁ/ran(A) =ker(A"). Thus,

ind(A) = dim(ker(A)) — dim(ker(A")).

Theorem 6.5. Ler A € B(VE, Uﬁ) be bijective, and let K € By(VE, Uﬁ) be compact. Then A + K
is a Fredholm operator.

Proof. Since A isbijective, A~! exists. Since the kernel of a bounded right linear operator is closed,
ker(A + K) is a Hilbert space. Thus, for ¢ € ker(A + K), we have A¢ = —K¢. Let {¢,,} | C ker(A +K)
be a bounded sequence. Since K is a compact operator, {K¢,}, has a convergence subsequence,
{Kdy, },‘:":1. Since, for all k, ¢, €ker(A + K), we have

{K¢nk }[20:1 = {_A¢ﬂk }ZQ:I

Therefore, klim Ag,, = exists. Hence, as A~! is continuous, we get klim O, =A"!y. That is, any
—00 —00

bounded sequence in ker(A + K) has a convergence subsequence. Since an infinite dimensional Hilbert
space has an infinite orthonormal sequence with no convergence subsequence, dim(ker(A + K))
< oo,

Since A is invertible and K is compact, AT is invertible and KT is compact. Therefore, by the
above argument, dim(ker(A” + K7)) < co. Thus, since Uf =ran(A + K) @ ker(A” + K¥), to show that
codim(A + K) < oo, it is enough to show that ran(A + K) is closed. Split VE as Vi = § & ker(A + K),
where $) is a subspace of Vﬁ such that $) 1 ker(A + K), and consider the restriction of A + K to $).

Claim. For ¢ € 5, the inequality
Illye < cll(A + K)ol

holds for some ¢ > 0.
If for all ¢ > 0O there exists ¢ € $ such that ||¢||V]§I >c||(A + K)g|| U then there exist sequences
E
{enky?, €(0,00) and {¢,}7 | € $ with ||¢,,||VHR11 =1 for all n such that ¢, — co as n — oo. Furthermore,
for all n,

1= 1gallye > calld + K)ul e

1
Thus ||(A + K)¢””Ufu < C——)O as n — oo. Since K is compact and, for each n, ||<z$,1||v]§1 =1, there
n

exists a convergent subsequence {K ¢,,k} of {K ¢, }n |- Assume Ko, — € U]f]I as k — oo. Then,
Apy,— — Y€ UR as k — oo. Hence qﬁnk =A" 1A¢)nk—>77——A_lzp as k — oo, where ne$) and
||7]||VR =1as |I¢>,,k||VR =1 for all k. But (A + K)np = hm (A¢,,k +Kop)= hm 0=0. Therefore n €

ker(A + K), which is a contradiction to §) L ker(A + K ) Hence the claim holds Thus, by Proposition
3.5, ran(A + K) is closed. Hence codim(A + K) < oo and A + K is Fredholm. m]

Proposition 6.6. If A€ B(VE, Uﬁ) is Fredholm, then A" € B(UZ, Vﬁ) is Fredholm.
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Proof. Since A is Fredholm, dim(ker(A)) < oo and dim( Uﬁ /ran(A)) < co. Then by Proposition 6.2,
ran(A) is closed. Therefore, Uﬁ =ran(A) ® ran(A)* =ran(A) & ker(A"). Thus, Uﬁ Jran(A) = ker(A").
Hence dim(ker(AT)) < oo. Also, since by Proposition 3.4, ker(A) is closed, we have coker(A™) =
VR /ran(AT) = VE /ker(A)* = ker(A). Thus dim(coker(A)) = dim(ker(A)) < oo. Hence A" is
Fredholm. O

Remark 6.7. From Propositions 6.2 and 6.6, ran(AT) is closed. Therefore,

ind(A") = dim(ker(AT)) — dim(ker((A")")) = dim(ker(A")) — dim(ker(A)) = —ind(A).

Theorem 6.8. A € B(VE, Uﬁ) is Fredholm if and only if there exist Si,S, € B(UR, Vﬁ) and
compact operators K| and K;, on Vﬁ and Uﬁ, respectively, such that

S]A =HVH§1 + K, and AS2 :HU[fﬂ + K.

Proof. (=) Suppose A € B(VE, Uﬁ) is a Fredholm operator. Then A defines a bijective operator
A: 9 = (ker(A))*—$H, =ran(A) = (ker(AT))*.

ThenA~": §,—>$); exists and is bounded. Consider the orthogonal projection operator P, : Uﬁ —N
and the inclusion operator 1:551—>V§I. Let S, :iA‘lPr : Uﬁ—>VH§, and then S, € B(UX, Vﬁ) and
AS> :AiA‘IP, = HUfn — P,, where P, is the orthogonal projection operator P, : Uﬁ—>ker(AT). Let
K, =—P,. Since ker(A"') is finite dimensional, K is a finite rank operator, so it is compact. That is,
AS) = ]IU]ﬁ + K>.

From Proposition 6.6, AT is Fredholm. Therefore, from the above argument, there exist
S3 € B(VE, UR) and a compact operator on VX such that AS; = Iyx +K3. Hence, S;A =Tyk + K; Set
S| = S; and K| = K;, then S; € B(UR, V), K| is compact on VE, and $1A = Tye +Ki.

(<) Suppose that there are operators Sy, S, € B(UX, Vﬁ) and compact operators K| on Vﬁ and
K> on Uﬁ such that §1A = Hvﬁ + Kjand AS, = IU% + K;>. We have the obvious inclusions,

ker(A) C ker(S14) = ker(%I + K1), 6.1)
ran(A) 2ran(AS;) = 1ran(]IU[1;T + K>). (6.2)

By Theorem 6.5, anlfw +Kjand I Uk + K, are Fredholm operators. Therefore from Eq. (6.1), dim(ker(A))
< dim(]lvﬂljl + K1) < 00, and by Eq. (6.2), codim(A) < COdim(Huﬁ + K5) < 0o0. Hence A is a Fredholm
operator. O

Remark 6.9. Let A€ B(VE, UL), and then

(a) Ais said to be left semi-Fredholm if there exist B € B(UE, ViX) and a compact operator K1 on
Vﬁ such that BA = Hvﬁ + K1, and the set of all left semi-Fredholm operators are denoted by
Fi(VE. URY?

(b) A is said to be right semi-Fredholm if there exist B € B(UR, Vﬁ) and a compact operator K, on
Uﬁ such that AB = ]IU]{-QH + K>, and the set of all right semi-Fredholm operators are denoted by
FAVE, Uy

(¢) by Theorem 6.8, the set of all Fredholm operators F(VK, UR) = Fi(VE, UR) n F.(VE, UR);

(d) from Theorem 6.8, it is also clear that every invertible right linear operator is Fredholm;

(e) let S}'(Vﬁ) = E(Vﬁ) u }“,(Vﬂljl), and from Theorems 6.8 and 4.9, we have
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Ae F(VEy e AT e F(VD),
AeSFVE) o AT e SFVE),
Ae FVR o AT e AVE).

Proposition 6.10. A € B(VE, UL) is Fredholm if and only if there exists § € B(U, Vi¥) such that
AS —Iyr and SA — I x are both finite rank operators.

Proof. (=) Suppose A is a Fredholm operator, then ran(A) is closed and A: ker(A)* — ran(F)
is a bijection between Hilbert spaces. Let A be the inverse of this bijection. By the open mapping
theorem, A € B(UR, Vﬁ). LetP: Uﬁ—ﬂan(A) be the orthogonal projection onto ran(A). Set S = AP
and then

SA - Hvﬁ =APA — Hvﬁ =AA - ]Ivg =—Py,

where Py, is the orthogonal projection onto ker(A), hence a finite rank operator. Also
AS ~Iyr =AAP ~Tyx = ~(Iyx — P),

which s also a finite rank operator [because ran(A)* =ker(A") is finite dimensional as AT is Fredholm].
Therefore, SA — HVR and AS — ]IUR are finite rank operators and hence compact.

(<) Now suppose that SA — ]IVR =Fjand AS-1 Uk = F> with F; and F', being finite rank operators
on VR and Uy R respectively. By Proposition 4.6, F; and F, are compact operators. Therefore by
Theorem 6.8, A is a Fredholm operator. O

Definition 6.11. Let Vo, ..., V, be right quaternionic vector spaces, and let A;: V; — V.,
0 <j < n -1, be right linear operators. Then the sequence

Ao Ar Ap-a Ay
V0—>V1—>V2—> ) A 7

is called exact if ran(A;) = ker(A;41) forj=0,1, ..., n-2.

Lemma 6.12. Let V; be a finite dimensional right quaternionic vector space for each j = 0, 1,

L ndf

Ay Ay
(0} = V0—>V1—>V2—> 2y Ly, ={0)

be an exact sequence with dim(V;) < oo forall j=0, 1, ..., n, then
n—1 )
Z(—l)’ dim(V;)=0.
j=0

Proof. For each j, decompose V; as V; =ker(4;) ® Y;, where Y is an orthogonal complement of
ker(A;). The exactness of the sequence implies that A;: ¥; — ker(A;j41) =ran(4;) is an isomorphism.
Therefore, dim(Y;) = dim(ker(4;,1)) for eachj =0, 1, ..., n — 1. Hence dim(V;) = dim(ker(4;)) +
dim(ker(A;+1)). Furthermore, dim(ker(Ag)) = 0 and dim(V,,_) = dim(ker(A,_1)). Hence the result
follows. O

Theorem 6.13. Let Vﬁ, Uﬁ and Wﬁ be right quaternionic Hilbert spaces. If Ay € B(VX, Uﬁ) and
A, € B(UR, Wg) are two Fredholm operators, then AyA1 € B(VE, Wﬁ) is also a Fredholm operator,
and it satisfies ind(A2A1) = ind(A1) + ind(A).

Proof. Suppose that A| and A, be Fredholm operators. Clearly, ker(A;) € ker(A»A;) and A;:
ker(A»A1) — ker(A;). Therefore, there is an isomorphism

S :ker(ArA)/ker(A})—B Cker(A»),
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where B is a subspace of ker(A,). Hence, dim(ker(A»A | )/ker(A;)) < dim(ker(A;)) < co, and thus
dim(ker(A2A1)) < dim(ker(A)) + dim(ker(A;)) < co.

Since ran(A»A;) C ran(4,) € WX, we have

(WE /ran(4,A1)) /(ran(A2) /ran(4241)) = W /ran(As).
Hence,
dim(coker(A;A1)) = dim(ran(A,)/ran(A,A;)) + dim(coker(Ay)). (6.3)
Furthermore, A5 : Uﬁ /ran(A)—ran(A;)/ran(AA1) is surjective, and therefore
dim(ran(A,)/ran(A2A;)) < dim(coker(A;)) < oo. (6.4)
From Egs. (6.3) and (6.4), we have
dim(coker(A,A1)) < dim(coker(A)) + dim(coker(A;)) < co.

Thus A,A; is a Fredholm operator.

Leti:ker(A;)—ker(AA) be the inclusion map, Q : ker(A,)— Uﬁ /ran(A1) be the quotient map,
and E: Wﬁ /ran(AA|)— Wﬁ /ran(A,) map equivalence classes modulo ran(A»A;) to equivalence
classes modulo ran(A;). Consider the sequence

0, i A 0 g
{0} — ker(A1)— ker(A2A1) — ker(Az) — Up/ran(A;) —

22, WR ran(AsA1) S WE fran(A2) 2 (0).

Sinceran(Oy) = ker(i) = {0}, ran(i) = ker(A), ran(A;) =ker(Q), ran(Q) =ker(A,), and ran(A, ) =ker(E),
the above sequence is exact. Therefore, by Lemma 6.12, we have

0=dim({0}) — dim(ker(A;)) + dim(ker(AA;)) — dim(ker(A3))
+ oﬁm(UgI Jran(A, )) - dim(WI’;;I Jran(AsA )) + dim(Wﬁ/ran(Az))
= [dim(ker(A,A)) — dim(Wﬁ Jran(AsA ))] — [dim(ker(4,)) — dim(UgI Jran(A, ))]
—[dim(ker(4,)) — dim(w]fjI /ran(Ag))]
=ind(A24,) — ind(A) — ind(A»).
Hence the result follows. O

Corollary 6.14. Let A € B(VE, Uﬁ) and BEB(UR,V[‘SI) such that AB = F and BA = G are
Fredholm operators. Then A and B are Fredholm operators and ind(AB) = ind(A) + ind(B).

Proof. Since ran(F) C ran(A) and ker(A) C ker(G), we have dim(ker(A)) < oo and
dim(Uﬁ/ran(A)) < dim(Uﬁ/ran(F)) < o0, Hence A is Fredholm. Similarly B is also Fredholm. The
index equality follows from Theorem 6.13. O

Lemma 6.15. Let F € B(V]}Rﬂ) be a finite rank operator, and then ind(]IV_ge1 + F)=0.

Proof. Suppose that F € B(Vﬁ) be a finite rank operator. Then, dim(ran(F)) < co. Also by Theo-
rem 4.6, ker(F)* = ran(F ) is also a finite dimensional subspace. Define L := ran(F) + ker(F)* with
dim(L) < oo, and hence L is closed. Thus Vﬁ =L @ L*. Furthermore,

(]Ivg+F)L§L+FL£L,

(HVHI-% + F)|p =12
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Hence L and L+ are invariant under ]IV]]§1 + F, and therefore,
ind(HVﬁ +F)= ind((llv]gI +F)|p)+ ind((HVﬁ + F)|pv).

Since kelr((]Iv{e;1 + F)|p2)={0} and Ll/ran((]lvﬁ + F)|p) = {0}, ind((]IV]ﬁ + F)|+)=0. Further-
more, since dim(L) < oo, dim(L) =dim(ker((]IV[§ + F)|p)) + dim(ran((HVﬁ + F)|p)), and therefore
COdim((Hv@ + F)IL)) :dim(ker((va + F)|p)). Hence, ind(ﬂv@ + F)|) =0, which concludes the
proof. O

Theorem 6.16. Let A € B(VE, Uﬁ) be a Fredholm operator, and then for any compact operator
K e B(VE, Uﬁ), A + K is a Fredholm operator and ind(A + K) = ind(A).

Proof. LetA e B(VE, Uﬁ) be a Fredholm operator, and then by Theorem 6.8, there exist Sy, S» €
B(UR , Vﬁ) and compact operators K, Ky on VR Uﬁ, respectively, such that S1A = HVﬁ + K and
AS) = HUﬁ + K5. Hence we have

S](A +K)=SlA +SlK=]IVH1§ + K +SlK=HVH1_eH +K1,,
(A+K)S> =AS, + KS) :HUSI + Ky + KS» = HU{; + K’,
1

where, by Proposition 4.2, K| = K| + 51K and KJ = K, + KS; are compact operators. Therefore by
Theorem 6.8, A + K is a Fredholm operator.

Now by Proposition 6.10, there exist S e B(UR ,Vﬁ) and finite rank operators F; and F»,
respectively, on V§ and UR such that

SA:]IV]I-RH+F1 and ASZ]IU]fH+F2.

Hence by Proposition 4.6 and Theorem 6.5, SA and AS are Fredholm operators. Thus by Corollary
6.14, S is a Fredholm operator. Hence by Lemma 6.15 and Theorem 6.13,

0=ind(SA) = ind(S) + ind(A). (6.5)

Since S and A + K are Fredholm operators, by Theorem 6.13, S(A + K) is a Fredholm operator.
Therefore by Theorem 6.10, there exists a finite rank operator F'3 on Vﬁ such that SA+K) = Hvﬁ +F3.
Thus by Lemma 6.15 and Theorem 6.13, we have

0=1ind(S(A + K)) =ind(S) + ind(A + K). (6.6)
From Egs. (6.5) and (6.6), we have ind(A + K) = ind(A). ]

Corollary 6.17. Let K € B(Vﬁ) be compact, and then Hvﬁ + K is Fredholm and ind(I + K) = 0.

Proof. LetK € Bo(Vﬁ). Clearly Hvﬁ is Fredholm and ind(Hvﬁ) = 0. Therefore, by Theorem 6.16,
HV—'E + K is Fredholm and ind(]IV]g1 +K)= ind(]IVg) =0. m]

Corollary 6.18. Every invertible operator A € B(Vﬁ) is Fredholm and ind(A) = 0.
Proof. LetA e B( Vﬁ) isinvertible. ThenAA~! =A~1A = HV]II;I is Fredholm. Therefore, by Corollary
6.14, A and A~! are Fredholm operators. Since A is invertible, so is AT. Therefore, ker(A) = ker(AT)

= {0}. Hence ind(A) = 0. m]

Corollary 6.19. Let n be a non-negative integer. If A € f(Vﬁ), and then A" € f(VHIEI) and ind(A")
=nind(A).
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Proof. The result is trivial for n =0, 1. n = 2 follows from Theorem 6.13, and by induction, we
have the result. m]

Theorem 6.20. Ler A € B(VE, Uﬁ) be a Fredholm operator. Then there exists a constant ¢ > 0
such that for every operator S € B(VE, Ulfﬂ) with ||S|| < ¢, A + S is a Fredholm operator and
ind(A + S) = ind(A).

Proof. LetA € B(VE, UE) be a Fredholm operator, and then by Proposition 6.6, A™ € B(UE, V&)
is Fredholm. Therefore, ker(A) and ker(A") are finite dimensional subspaces of V£ and UE, respec-
tively. Let R, Ry € B(UX, Vﬁ) be operators such that RjA = Hvﬁ — P; and AR, = HUﬁ — P+, where

Py VH§I—>ker(A) and Py : Uﬁ—)ker(AT) be orthogonal projections. Furthermore, Py and P are
finite rank operators and hence compact. Now Ri(A + S)=RjA+ RS = ]IV[Q’[ + RS — Py. For ||S]| <

min{||R; =L IR }, we have ||R;S|| < 1. Therefore by Proposition 3.6, HVHIE + RS is invertible, and
by the open mapping theorem, (Hvﬁ +R1S) e B(Vﬁ). Now

@yx + R1S) ' Ri(A+8) =Iyx — (Iyx + R S) ™ Py =Ty + K,

where, by Proposition 4.2, K; = _(va +R1S) P isa compact operator on Vﬁ. Furthermore, (A +
S)R; =AR, + SR, = ]IUHI-!(I + SRy — P+. Again ||SR,|| < 1, and therefore by the same argument as above
HUﬁ + SR, is invertible and (HUﬁ +SRy) ' e B(Uﬁ). Hence,

(A+S)Ro(Iyr + SRy) ' = Iyx = (Iyx + SRy)"' Py = Iyx +Ka,

where K = _(HUﬁ + SR>)~! P+ is a compact operator on UIfH. That is, we have operators S| = (HVH’fI +
RIS)_]RleZZRZ(HUﬁ + SRy)™' € BWUE, V) and compact operators K| and K, on VE and UR,
respectively, such that

S](A +S)=]IV]§1 + K, and (A +S)Sz :HUﬁ + K>.

Therefore, by Theorem 6.8, A + S is a Fredholm operator. The identity, ind(A + S) = ind(A), follows
similar to the Proof in Theorem 6.16. O

Theorem 6.21. An operator A € B(Vﬁ) is left semi-Fredholm if and only if ran(A) is closed and
ker(A) is finite dimensional. Hence

E(VHRﬂ) ={Ae B(VERH) | ran(A) is closed and dim(ker(A)) < oo}, 6.7)

F(VE=1A€B(VE) | ran(A) is closed and dim(ker(A")) < oo}. (6.8)

Proof. (=) Suppose that A e B(Vﬁ) is left semi-Fredholm. Then there exist S € B(V}RH) and a
compact operator K in VHRﬂ such that SA = HVHI-E + K. We have ker(A) C ker(SA) = ker(}Ivﬂlj1 + K) and
ran(SA) = ran(]IVﬁ + K). By Theorem 6.5, HV{E + K is Fredholm and hence dim(ker(I[Vﬁ + K)) <o
which implies dim(ker(A)) < co. By Proposition 6.2, ran(]IV]{c;1 +K) is closed. That is, dim(ker(A)) < oo,
dim(A(ker(SA))) < oo, and ran(SA) is closed. Consider the operator

(SA)lker(SA)J- N ker(SA)L—> V]I?I

Since this operator is injective with a closed range, by Theorem 3.7, it is bounded below. Hence, there
exists ¢ > 0 such that

cligllyr < 1SAGllyx < ISIIIA@llyx  forall ¢ € ker(SA)".
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Hence,
Alkersay: - ker(SA)*—VE

is bounded below; therefore by Theorem 3.7, Alxer(sa)- has a closed range. Since Vﬁ =ker(SA) ®
ker(SA)*, we have
ran(A) = A(VE) = A(ker(SA) @ ker(SA)*) = A(ker(SA)) ® A(ker(SA)Y)),

which is closed because the direct sum of a closed subspace and a finite dimensional space is closed.

(<) Suppose that dim(ker(A)) < oo and ran(A) is closed. Hence, Alier(a): :ker(A)L—>V]§ is
injective and has a closed range, ran(A [ker(4)+ ) = ran(A). Therefore by Theorem 3.7, it has a bounded
inverse. Let P, : VH§I—>ran(A) be the orthogonal projection onto ran(A). Define T € B(Vﬁ) by T =
(Alker(a)-) "' P, If ¢ € ker(A), then TA¢ = 0. If s € ker(A)*, then

TAY = (Alkerayt) ™ Pr(Alkeray W = (Alercay:) ™ (Alkeray W = .
Therefore, forevery n=¢ + ¢ € Vﬁ =ker(A) & ker(A)*,
TAn =TA¢ + TAY = TAY = = Py,
where P, : Vﬁ—)kmr(A)L is the orthogonal projection onto ker(A)*. Thus,
TA =P, = HVﬁ - (HVﬁ - Pn) :Hvﬁ +K,

where K = —(Hvﬁ — P,) is a finite rank operator as it is an orthogonal projection onto the finite
dimensional subspace ker(A). That is, 7A :]IV]}RI + K and K is compact, and hence A is left semi-
Fredholm. Therefore,

}"I(Vﬁ) ={Ae B(Vﬁ) | ran(A) is closed and dim(ker(A)) < oo}. (6.9)

Now by Remark 6.9, A" € (V) & A € F.(VE), and by Proposition 3.8, ran(A) is closed if and only
if ran(A") is closed. Hence, from Eq. (6.9), we have

Fr(VEY={A e B(VE) | ran(A) is closed and dim(ker(A")) < co}.

Remark 6.22. LetA e B(VH’_E).

(a) The so-called Weyl operators are Fredholm operators on Vﬁ with null index. That is, the set of
all Weyl operators,

WV ={Ae AVE) | ind(4) =0}

(b) Since, by Remark 6.9 (¢), A € F(VR) & AT € A(VE) and ind(A) =—ind(A"), Ae W(VE) & AT €
WVH).

(c) By Proposition 6.5 and Lemma 6.15, if F is a finite rank operator, then Hvﬁ +Fe W(Vﬁ).

(d) By Theorem 6.13, A, Be W(VE)= ABe W(VE).

(e) By Theorem 6.16, A € W(Vﬁ), K e B()(Vﬁ) =>A+KEe W(Vﬁ).

(f) By Corollary 6.18, A € B(VX) is invertible, and then A € W(VE)

(2) Suppose dim(VF) < co, then dim(VE) = dim(ker(A))+dim(ran(A)). Also V& =ran(A)+ran(A)*.
Hence dim(Vﬁ) =dim(ran(A)) + dim(ran(A)*). Thus,

ind(A) = dim(ker(A)) — dim(ker(A"))
=dim(ker(A)) — dim(ran(A)*)
=dim(ker(A)) + dim(ran(A)) — dim(Vﬁ) =0.

Therefore, in the finite dimensional space, every operator in 5( Vﬁ) is a Fredholm operator with
index zero. In this case, W(Vﬁ) = B(Vﬁ).
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Remark 6.23. In the complex case, the Fredholm theory can also be extended to unbounded
operators using the graph norm. For such a complex treatment, we refer the reader to, for example,
Ref. 14. Following the complex theory, we may be able to extend the quaternionic Fredholm theory
to quaternionic unbounded operators.

VIl. ESSENTIAL S-SPECTRUM

In this section, we define and study the essential S-spectrum in Vﬁ in terms of the Fredholm
operators. In particular, we give an interesting characterization to the S-spectrum in terms of the
Fredholm operators and the Fredholm index (see Proposition 7.18).

Theorem 7.1 (Ref. 13). Let Vﬁ be a right quaternionic Hilbert space equipped with a left scalar
multiplication. Then the set B(Vﬁ) equipped with the point-wise sum, with the left and right scalar
multiplications defined in Egs. (3.5) and (3.6), with the composition as product, with the adjunction
A — A%, as in (3.2), as *—involution, and with the norm defined in (3.1) is a quaternionic two-sided
Banach C*-algebra with unity HV@’

Remark 7.2. In the above theorem, if the left scalar multiplication is left out on VR then B(Vﬁ)
becomes a real Banach C*-algebra with unity va.

Theorem 7.3. The set of all compact operators, Bo(Vﬁ) is a closed biideal of B(VH’E) and is
closed under adjunction.

Proof. Theorem 7.1 gives together with Proposition 4.2 that By( Vﬁ) is a closed biideal of B( Vﬁ).

Theorem 4.9 is enough to conclude that BO(V]I?I) is closed under adjunction. Hence the theorem
holds. .

In the quotient space B(Vﬁ)/BO(Vﬁ), the coset of A € B(Vﬁ) is
[A1={SeBV{) |S=A+K forsome K €By(VE)=A+By(VH).
In the quotient space, define the product
[A][B] =[AB].

Since By(V{) is a closed subspace of B(V{), with the above product, B(V{)/By(V{) is a unital
Banach algebra with unit []Ivg]- We call this algebra the quaternionic Calkin algebra. Define the

natural quotient map
7 B(Vi)—B(Vi)/Bo(Vip) by  m(A)=[A1=A + Bo(Vgp).
Note that [0] = BO(VH’_;) and hence
ker(r) = {A € B(V{) | n(A)=[0]} = Bo(V).
Since BO(V[‘;) is an ideal of B(Vﬁ), for A,B e B(Vﬁ), we have

(@) mA+B)=(A+B)+Bo(VE)=(A+Bo(VE) + (B + Bo(VE) =n(A) + n(B).
(b) 7(AB)=AB+ Byo(VE) = (A + Bo(Vi))(B + Bo(VE)) = m(A)m(B).
(© a(lyr)=[Lyk].

Hence n is a unital homomorphism. The norm on B(Vﬁ) / BO(VHI_E) is given by

I[Alll=inf [lA+ K| <[IAll.

KEB()(VH)

Therefore 7 is a contraction.

Theorem 7.4. Let A € B(Vﬁ). The following are pairwise equivalent:
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(@ AeF(VE).

(b) There exist S € B(Vﬁ) and K € BQ(Vﬁ) such that SA = ]Ivﬂljl +K.

(c) There exist S € B(Vﬁ) and K1,K>,K3 € Bg(Vﬁ) such that (S + K1)(A + Kp) = ]Ivg + K;.
d #Sn(A)= ”(Hvﬁ)v the identity in B(VHRﬂ)/BO(Vﬁ), for some n(S) € B(Vﬁ)/Bo(Vﬁ).

(e) m(A) is left invertible in B(Vﬁ)/Bo(Vﬁ).

Proof. By the definition of left semi-Fredholm operators, (a) and (b) are equivalent.

(b) = (c): Suppose (b) holds. Since (S+ K )(A+Ky)=SA+SK, + KA+ K 1K) = ]Ivﬂliel +K +SK, +
KA+ K K> :HVH{E + K3, by Proposition 4.2, K3 = K + SK, + K1A + K1 K, is compact.

(c) = (d): Suppose (c) holds. Then there exist S| € [S] = 7(S), A; € [A] = 1(A), and J € [Hv{;]
= ”(Hvﬁ) such that S1A; = J. Hence n(S)7(A) = [S][A] =[SA] =[J] = [Hvﬁ] = "(HV[{E)' Therefore (d) is
established.

(d) = (b): Suppose (d) holds. B € n(S)m(A) = n(SA) if and only if B = SA + K| for some
Ky € B,(V{). Also Be ”(Hvﬁ) = [Hvﬁ] if and only if B= HVSI + K for some K, € By(V{). Therefore,
SA=Tyr + K, — Ky =Iye + K, where K =K, - K € Bo(VE). Thus A € Fi(VE).

(a) and (e) are equivalent by the definition of left invertibility. m]

Corollary 7.5. Let A € B(Vﬁ). Ae ]:I(Vﬁ) (or Ae ]-‘,(Vﬁ)) if and only if n(A) is left (or right)
invertible in the Calkin algebra B(Vﬁ)/Bg(Vﬁ).

Proof. 1t is straightforward from Theorem 7.4 for ]-"Z(Vﬁ). Also a similar version of Theorem
7.4 holds for .E.(Vﬁ). O

Definition 7.6. The essential S-spectrum (or the Calkin S-spectrum) o5 (A) of A € B(Vﬁ) is the
S-spectrum of 7r(A) in the unital Banach algebra B(V{%)/Bo(VK). That is,

oS (A) = os(m(A)).

Similarly, the left essential S-spectrum o’fl(A) and the right essential S-spectrum o5, (A) are the left
S-spectrum and right S-spectrum of 7(A), respectively. That is,

oS (A) =07 (n(A) and oS.(A) =0 (n(A))
in B(VE)/Bo(VE).
Clearly, by definition, o3 (A) = 05,(A) U 075,(A) and 073 (A) is a compact subset of H.

Proposition 7.7. LetAe B(Vﬁ), and then
oS(A) ={qeH | Ry(A) € BV \ Fi(VE)}, (7.1)
o5 (A)={qe H | Ry(A) € BVE) \ F(VD). (7.2)

Proof. LetAe B(VHRH). Then by Corollary 7.5, Rq(A) ¢ }“I(Vﬁ) if and only if m(R4(A)) is not left
invertible in B(Vﬁ) / Bo(Vﬁ), which means, by the definition of left S-spectrum, q € 0'15 (m(A)). That
is, q € afl(A) if and only if Ry(A) ¢ E(Vﬁ). Hence we have Eq. (7.1). A similar argument proves

Eq. (7.2). O
Corollary 7.8 (Atkinson theorem). Let A € B(Vﬂlfl), and then
aS(A)={q e H | Ry(A) € BIVEY\ F(VE)). (7.3)

Proof. Let AEB(Vﬁ). Since 0'5(A)=0'51(A) U o5.(A) and ]-"(Vﬁ)=]:1(VHI§) N ]-",(Vﬁ), it is
straightforward from Proposition 7.7. O
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Corollary 7.9 (Atkinson theorem). Let A € B(Vgl). A is Fredholm if and only if n(A) is invertible
in the Calkin algebra B(Vﬁ)/Bo(Vﬁ).

Proof. AeB( Vﬁ) is Fredholm if and only if A is left and right semi-Fredholm. Furthermore, 7(A)
is invertible in B(V{%)/Bo(V{) if and only if 7(A) is both left and right invertible in B(V)/Bo(V).
Therefore, from Corollary 7.5, we have the desired result. O

Proposition 7.10. Let A € B(V), and then o5/ (A) and 075, (A) are closed subsets of H.

Proof. In the unital algebra B(VE), by Theorems 5.4 and 5.5, o3(A) =075 ,(A) and o3 (A) =

o-;lgp(A*) are closed subsets of H. By the same argument, in the Calkin algebra B(Vﬁ) / BO(V]I’;I), o-fl(A) =
0¥ (n(A)) and o, (A) = 05 (m(A)) are closed subsets of H. o

Proposition 7.11. Let A€ B(V{), and then
o-fl(A) ={qgeM | ran(R,(A)) is not closed or dim(ker(Ry(A))) = oo}, 7.4)

a'f,.(A) ={qeH | ran(Ry(A)) is not closed or dim(ker(Ra(AT))) =o0}. (7.5)

Proof. Let Ae B(Vﬁ). By Proposition 7.7, q € o-fl(A) if and only if R4(A) is not left semi-
Fredholm. By Theorem 6.21, Ry(A) is not left semi-Fredholm if and only if ran(Ry(A)) is not closed
or dim(ker(Rq(A))) = co. Hence we have Eq. (7.4). In the same way, Eq. (7.5) can be obtained. O

Corollary 7.12. Let A€ B(Vﬁ), and then

oA =os A", oA)=05(A"), andhence oi(A)=ci(AN).

Proof. Since Rq(A) = Rz(A), by Proposition 3.8, ran(Ry(A)) is closed if and only if ran(Rq(A"'))
is closed, and 073 (A) = 075,(A) U 05 (A), Proposition 7.11 concludes the results. o

Remark 7.13. If dim(VHRﬂ) < oo, then all operators in B(VHRﬂ) are finite rank operators and hence
compact. Therefore, the Calkin algebra B(Vﬁ)/ BO(V[‘;) is null. Hence, in this case, o5 (4) = 0.

Proposition 7.14. For A € B(VE), o5(A) #0 if and only if dim(V{}) = co.

Proof. (<) Suppose dim(Vﬁ) =o00. B(Vﬁ)/ B()(Vﬁ) is a unital Banach algebra. By Proposition
3.16, the S-spectrum on a unital Banach algebra is not empty. Therefore a'f (A)=0os(m(A)) 0.

(=) By Remark 7.13, dim(Vﬁ) <oco implies o3(A)=0. That is, o>(A)#0 implies
dim(VH’_ﬁ) =00, O

Proposition 7.15. Forevery A € B(VE)and K € By(VE), we have o5 (A+K) = 073 (A). In the same
way, o5 (A + K) = 5,(4) and o5 (A + K) = 075, (A).

Proof. For every AeB(Vﬁ) and KeBg(Vﬁ), we have 7(A + K) = n(A) in B(Vﬁ)/Bo(Vﬁ).
Therefore by the definition, we get
TS(A+K)=05(n(A +K)) = os(n(A) = S (A).

The other two equalities follow in the same way. m}
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Proposition 7.16. Let A € B(Vﬁ). Then,
oS(A)Cof(A) and 0. (A)Cai(A),

and hence o5 (A) C o7s(A).
Proof. 1Tt is straightforward from Propositions 3.18 and 7.10. O

Definition 7.17. Let A € B(VE) and k € Z \ {0}. Define
o A)={geH | RyA) e FAVE) and ind(Ry(A))=k}.

Also
oo ={aeos(A) | Ry(A) e W(V).

Proposition 7.18. Let A € B(VE), and then og(A) = 073 (A) U U o (A).
keZ

Proof. Clearly the family {o-lf(A)}kEz is pair-wise disjoint. Let0#k€Z and q € o-lf(A). Ifk >0,
then 0 <ind(R4(A)) < o0, and hence 0 < dim(ker(R(A))) — dim(ker(R, (A™))) < co0. Thus, ker(Rq(A)) #
{0} and therefore g € os(A). If k < 0, then dim(ker(R,(A))) < dim(ker(R, (AT))). Hence ker(R, A+
{0} and therefore R, (AT) is not invertible. Thus, by Proposition 3.9, Ry(A) is not invertible. That is,
q € os(A). Altogether we get

i =taeas) | Ry e AVE)
keZ

Also, by Proposition 7.16, we have o-f(A) C 05(A) and by Corollary 7.8, a'f(A) ={geas(A) | Ry(A) ¢
F(VE)). Therefore, os(A) = 073 (A) U U o3 (A), clearly with o5(A) N U o3 (4)=0. o
keZ keZ

VIIl. CONCLUSION

We have studied the approximate S-point spectrum, Fredholm operators, and essential S-spectrum
of a bounded right linear operator in a right quaternionic Hilbert space Vﬁ. The left multiplication
defined on VH§1 does not play a role in the approximate S-point spectrum and in the Fredholm theory.
However, in getting a unital Calkin algebra, it has appeared and hence played a role in the S-essential
spectrum. Also an interesting characterization to the S-spectrum is given in terms of the Fredholm
operators and its index.

In the complex case, the exact energy spectrum is obtainable and known only for a handful of
Hamiltonians, and for the rest only approximate spectrum is computed numerically. In these approx-
imate theories, the Fredholm operators and the essential spectra are used frequently. Furthermore,
these theories are successfully used in transport operator, integral operator, and differential opera-
tor problems.*!>15:16:18.8 Tn the same manner, the theories developed in this note may be useful in
obtaining the approximate S-point spectrum or essential S-spectrum for quaternionic Hamiltonians
and their small norm perturbations. For quaternionic Hamiltonians and potentials, see Refs. 1 and 9
and the references therein.
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