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ARTICLE INFO ABSTRACT

MSC: This study investigates the solitary wave solutions to the defocusing nonlinear Schrédinger equation, which is
35C07 known as Camassa-Holm-Nonlinear Schrodinger (CH-NLS) equation. The CH-NLS equation is newly derived
35C08 in the sense of deformation of hierarchies structure of integrable systems. By implementing three different
35Q55 techniques, namely, the generalized (G’/G)-expansion method, the new mapping method, and the modified
Keywords: simple equation method, the CH-NLS equation is solved analytically to find the exact solutions. As a result,
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various types of solitons such as dark, singular, and periodic solutions are obtained. The behaviors of some
exact solutions are presented by figures.

1. Introduction

The study on deformations of integrable equations has been a great
interest since it produces many significant models. For example, the
deformation structure of the Korteweg—de Vries (KdV) equation leads
to the Camassa-Holm (CH) equation as

m, + 2mu, + mu =0, m=u—du, (€D)]

which is an integrable equation originally derived in the sense of
water waves [1]. This model has been considered as much interest
since its soliton solutions [2] and some mathematical properties [3,4].
Consequently, many authors started to find the solitary wave solutions
of CH-equation by using various techniques [5-7].

Very recently, the deformation of nonlinear Schrddinger equation,
i.e., the CH-NLS equation was derived by Arnaudon [8,9] when extend-
ing the structure of deformation of hierarchies of integrable method.

The form of the CH-NLS equation as follows:
im, 4+, + 2om(|ul* - a2|ux|2) =0, m=u-— azuxx, (@3]

were, ¢ = +1, and « is a constant. For instant, if we choose a = 0 the
above equation becomes the well known cubic NLS equation as follows:

ity + uyy + 20 |ul’u = 0. 3)

The standard form of CH-NLS equation is given for a complex field
u(x,t) by [10]:

i +u +20ulul*—id*u,  —20dulu, |*~20d%u, Ju|*+26a*u,  Ju |* = 0. (4)
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In [10], asymptotic multiscale expansion method is applied to reduce
Eq. (4) to a Boussinesq model and then approximate by the couple of
Korteweg—de Vries (KdV) equations. The solitary wave solution of the
famous KdV equation is used to find approximate analytical solutions of
the CH-NLS equation. Further, numerical simulations are used to study
the validity of the approximate solutions and illustrate their dynamical
evolution. However, as far as we know, there is no study involved to
find the exact solution of the CH-NLS equation. The central aim of the
present study is to find the exact solitons and other kinds of solutions to
the CH-NLS equation. In generally, nonlinear Schrodinger equation pro-
vides two different types of soliton solutions, namely bright soliton and
dark soliton. In the context of nonlinear optics, dark solitons are con-
structed as topological optical solitons. In recent years, studies of the
optical solitons have been increasing rapidly [11-14] due to the various
applications in communication, imaging, medical diagnosis, etc.
Finding the explicit and exact solutions to the nonlinear type of
partial differential equations (PDEs) are significant role in many area
of Mathematical physics. In recent years, several new technique for
finding these exact solutions have been implemented, for example, the
tanh-sech method [15,16], the sine-cosine method, [17,18], the homo-
geneous balance method [19], the Decomposition method [20,21] the
Jacobi elliptic function method [22,23], the F-expansion method [24,
25], the exp-function method [26,27], the (G’ /G) expansion method [28—
31], the new approach of generalized (G’ /G) expansion method [32,
33], the new mapping method [34,35], the modified simple equation
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method [36-39], the Hirota method [40,41], the Darboux transfor-
mation method [42,43], the Hirota bilinear method [44,45] and so
on.

The paper aims to apply the new approach of generalized (G’ /G)-
expansion method, the new mapping method, and the modified simple
equation method to find the exact soliton solution of CH-NLS equation.
This manuscript is structured as follows: In the next Section, we de-
scribe the mathematical analysis of Eq. (4). In Sections 3-5, Eq. (4)
is solved by using three various technique as mentioned above. The
graphs of solitary wave solutions are presented in Section 6. Finally,
concluding remarks are given in Section 7.

2. Mathematical analysis of the model

As indicated above, our central aim is to determine exact soliton
solutions of the CH-NLS equation. Since u(x, ) in Eq. (4) is a complex-
valued function we consider the traveling wave solution of the form
u(x, 1) = p(&)e' KX £ = wx —ct, (5)

where ¢(&) is a real function, K, 2, and c are real constants to be
determined later. By substituting (5) into Eq. (4) and splitting the real
and imaginary parts, we have the following couple nonlinear ordinary
differential equations:
) (2+ K? (-1 +a°Q) -2 (=1 +a*K*) o p(&)

—24% (1 + a2K2) aa)qu’(f)z) +

o (0 — *2cK + 0Q) +2a* (-1 + a°K?) cop(&)?

+2a'ca’ ' (&)*) ¢ (&) =0, 6
and
- (c+dcK* +2Kw (-1 +a°Q) - 4a°K (-1 + @*K*) cw(&)*) ¢ () +

4a* Ko’ @ (£)° + a*ca’p®(€) = 0,
@)

where prime meaning the differentiation with respect to ¢£&. Multiplying
Egs. (6) and (7) by ¢'(£) and ¢(&) respectively and adding together, we
get:

26 (1 - d*K*(K - 20) - 2a°Ko) $()* ¢ (€)

+2d° (@ K* = 1) 0 (&) ¢ ()¢ )+

o (0-dQ2cK +02)) ¢ (O (@ +2d*cw* ¢ (€)d"(©)

- 2% (1 + @K(K - 20)) ¢ (&)’

— (c+d*ca? - Q+ 0 (PR = 1)) pEP &) + a*ca’ PP () =0 (8)

Integrating Eq. (8) once, with respect to ¢ and considering K = w, we

get

bo ()P () +by P&V +br () +b3 ' (£ +by (€)@ (&)*+bs ' (€)' +bg = O,
©)

where the constants by, b, b,, b3, b, and b5 are given by

by = d*ca?,

b, = —% (c+a2ca)2—9+w2 (az.Q— 1)),

L 202
by =—= 3c+02)-1),
3 2(0 (a(c ) )
b4=a20'w2 (a2c02—1),
b5=la4aw4,
2

and b is integrating constant. First, taking the homogeneous balance
between ¢(&)¢” (&) and ¢’ (£)* yields N = —1, which is not a positive
integer. Following [16], we consider the transformation

1
HE) = —, 10
© w(©) 10
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where (&) is a real function on &. By Substituting (10) into (9), we
obtain a new equation as follows

— by &)’y (&) + by (&)® + byw (&) + (b3 + 2by )y (&)Y ()
+ by (©*W (&) + bsy! () + by (&)* = 0. an

Now, our aim is to solve Eq. (11) for a # 0 using three different
technique as mentioned above.

3. Soliton solutions of CH-NLS equation through the generalized
(G' / G)-expansion method

Taking the homogeneous balance of w (&) y” (£) and w(£)® in Eq.
(11), we obtain N = 1. According to the new approach of generalized
(G’ /G) expansion method [32,33], the solution of Eq. (11) is of the
form:

\//(5):0:,1(d+G’/G)7l +ay+a;(d+G'/G), 12)

where the constants a_,,«y,«; and d are to be determined later and
G(¢) satisfied the following equation:

kGG () = MGG (&) — uG(E)’ —vG' (€ = 0. 13)

Substitute Eq. (12) together with Eq. (13) into Eq. (11). Then, we take
each coefficient of (G'/G)N and setting them to zero, yields a system
of algebraic equations for the possible choice of a_; = ¢y = 4 = 0 as
follows:

[G'/GI°: u+d*(—k+v)=0,
[G'/G)' : 8d (—p+d*(x — v))3 (x = V)bsa} =0,
[G'/GP: (u+d*(—k+ v))2 (k%by — 4 (n = 7d*(x —v)) (k = V)bs) &} =0,
[G'/GY : 4d (—pu+d*(x —V)) (k = v) (k%by +2(-3p
+7d*(k = v)) (k — v)bs) @} =0,
[G'/G) : af (k*b, +2(k —v) (k% (—u +3d*(k = V)) b,
+ (k= v) (3u* +35d*(x —v)?
+30d%u(—k +v)) bs) + k% (u+d*(—x + v))2 (200 + b5) af) =0,
[G'/GY : 2d(x —v)a} (2k*(k = V)b, + 4 (=3u + Td*(k = V) (x — v)?bs
+x% (—p + d*(x —v)) (3by +2b5) a?) =0,
[G'/GI° : o} (K2(k = v)Pby — 4 (u—Td*(k — v)) (x — v)*bs
+x7 (=2 (n = 3d*(x = v)) (x — V)b,
+Kk7by =2 (4 = 3d*(k = v)) (k = V)by) a]) =0,
[G'/GT 1 2d(x — v)a} (4(k — v)?bs + k7 (by + 2b5) a?) =0,
[G'/GTE : af (k= v)*bs + k%al ((k = v)?b; + K bea’)) = 0. 14)

By solving the above algebraic equations with the use of Mathematica
software, we have the following result:

2(K - V) b5 K b4
=—d*(~k+v), a; = ,d= -,
" T V(b —26) T 2w | 20
b2

2 2
bsyby —b0+4b3
B oA p= 0 3 15
2bs° 2T 4bg O 16bs (15)

by =—

By substituting Eq. (15) into Eq. (12), together with Eq. (10), we obtain

-1
2(k — V) bs K [ by '
- -— +(G'/G .
¢©) { K (_b() — 2b3) |:2(K —v) 2b5 +@/ )] }

(1e)
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With reference to [32,33], two types of traveling wave solutions are
obtained of the Eq. (2) as follows:

Type 1. If 1 =0,(k—v)u > 0= —=+ > 0, then we obtain the hyperbolic
solution of Eq. (2):

(x.1) b
u(x,t) = _—
2 (by + 2b5)
-1
¢,sinh ( 5) + ¢,cosh ( §)
w1+ (k—v) 2bs 2 =V 252 el(wx—ﬂt)’
K _ b 4 b 4
c¢,cosh ((Kﬂ) \/ >3 ) + ¢,sinh ((K " - 2)
a7
_ 1 Q-d*0?Q
where & = wx ( 52 T a2 ) 1> and ¢; and ¢, are constants.

In particular, if we choose “c; # 0,¢, = 0” in (17), then we obtain
the dark solitary wave solutions to Eq. (2) as:

-1

by K by & I(wx—81)

1) = - |1 h .
u(x, 1) { 2 (o0 +25,) [ + tan (( _V)‘/ 2b52>]} e

(18)

If we choose “c; = 0,¢, # 0”in (17), then we obtain the singular solitary
wave solution to Eq. (2) as:

-1

b, K by & I(@x—Qr

1) = — |1 th ( ).
u(x, 1) { 2 (b + 207) [ +co <( _v)‘[ 2b52>]} e

19)

Type 2. If A =0,(k —v)u < 0 => _szA < 0, we find the trigonometric
5
solution of Eq. (2) as follows:

by

N =94-————
ue ) 2 (b +2b3)

Tt e [Bg
CISIIl((K ” 2b, 2)+CZCOS((K7‘/) 2b52)

X [ 1+ el@x=an
¢,€0s ((K:) 2”7“5 g) + ¢,sin ((K:) 21’7455
(20)
where & = wx — (# + le_fzz:i‘(j ) 1, and ¢; and ¢, are constants.

Again, for a specific choice, if we set “c; #0,¢, =0” or “c; =0,¢, #
0” in (20), then we obtain the periodic solitary wave solutions to Eq. (2)
as:

-1

b4 K b4 ‘}: I(wx—Q1)

1) = -— |1 ,
u(x, 1) { 2 (o0 + 257) [ +tan<(K_V)ﬂzb5 >]} e

@1
-1
= _L K b4 5 I(wx—01)
u(x,t)—{ 2(b0+2b3) [1+C0t<x—v)w2b5 >]} e .
22)

4. Soliton solutions of CH-NLS equation through the new mapping
method

Balancing w(&)*y’(£)> with w(&)yw”(€) in Eq. (11), give up the

homogeneous balance number N = 1. Based on the new mapping
method [34,35], we take the solution of form:
w(&) = oy +a F(&) + a, F2(©), (23)
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where the constants «,«; and a, # 0 are to be determined later. The
new function F(¢) satisfies the following ODE:

FP@) = r+pF@) + S0 + 1 F°©). (24)
here r, p,q, and s # 0 are constants. By substituting (23) together with
(24) into Eq. (4) and take the coefficients of each power F/(&)(F'(£)).
By setting these coefficients to be zero, we have a set of algebraic
equations for the possible choice of ay = a; = 0 as follows:

FY&) : 16r7bsa) =0,

F8) : 4r(by +8pbs)aj =0,

FY& t (by+4(pby+4(p” +ar) bs)) af =0,

F'o¢) : §a§ (3gby +8(3pq + 2rs)bs + 3r (3by + 2b3) a3) = 0,
F'2&) 1 —ay (4sby, +4 (3q% +8ps) bs + 3 (4pby + by +4pbs) a3) =0,
16
F%@) ?qsbsa§+q(bo+zb3)ag =0,
16 4
Fo¢) : jszbSag + 551;3(13 +bgas =0, (25)

and the other coefficients of powers of Fi(¢) are equal to zero. Ac-
cording to Ref. [34,35], we have two types of solutions of the above

algebraic equations as follows:

Type 1. Considering r =0, s = 1 6 > and solving the algebraic equations

by Mathematica, we obtain the followmg result:

W 2V __be o, bbb b4
Ve y—— e N T B N VT
(0o + 202) b, 8bs 2bs 4bs 16bs

(26)

From (26), (23), and (10) with Ref. [34,35], we find the soliton
solutions of Eq. (2) as follows:

-1

by by Hwx—0

u(x,t) = — = |1+tanh| € £ e (wx- t)’
{ 2(b0+2b3)[ <\/ 8bs >]}

27)
1

by b, R
u(x, 1) = —————— |1 +coth -— (0x=01)
o0 { 2 (b +2b) [ <€ 8bs é)]} ¢

(28)

provided that if p = —=+ > 0.

Type 2. Con51der1ng r= 0 and solving the algebraic equations by using
Mathematica, we obtain the following result:

o 2v/2gbs ) by _ 3¢%bs
I — =5 =- 5
(bo + 2b3) by 8bs 2by
bab b —b? + 42
b, —_3% b2=—4, b():#. (29)
2bs 4bs 16bs

From (29), (23), and (10) with Ref. [34,35], we find the exact solutions
of Eq. (2) as follows:

1. Ifp= _stA > 0, then we obtain soliton solutions
5

by
2 (bg +2b3)

2
2sech < 8b5 >b5

2
b
6q2bs + sby <1 +etanh< —é f))

u(x, 1) =43¢

X el (wx—21)

(30)
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Fig. 3. The graphics of soliton wave solutions u(x,?) of Egs. (34) and (35) with a=4, o =1, =04, Q=1..

u(x, 1) = 43¢> b—4 u(x,r) =—43¢ b—4
' 2 (by +2b3) ' 2 (bg +2b3)
1
2csch? (, /—8[’74 .f) bs 2csch? < _st4 5) bs
S el(mx—!)t} > 81 (wx—01)

X 5 X (33)
| 6sb [ b
64%bs + sby <1 + ecoth <‘ 1—8177“5 5)) _3‘1 tey - b54 COth< _ﬁ 5)
(3D
LI p=-—2% h btain periodic soluti
2. Ifp= —81’74 >0, s >0 then we obtain soliton solutions 3.1ty 8bs < 0. s> 0 then we obtain periodic solutions
5
ux,n =143 bs ux,n =13 b
X, 1) =43¢, ——MmM Xol) =94 77—~
2 (by +2b3) 2 (by +2b3)
-1 -1
2sech? (, /—;T“ &) bs 25ec< bT“ >2b5
x > el(mxfﬂt) (32) x 5 el(CUX*-QT) (34)

¢
| _6sby _ b 6sby by
3g+¢ b tanh ( % §> 3g+¢ o tan ( T .f)
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ux,n) =43 bs
X, 1) = _
1 2 (bg + 2b3)

by 2
2csc <‘ / She §> bs

el(wx—!)t) (35)
[osbs [
3g+¢ e c0t< $be -f)
4. If p = _stA >0,qg<0, s<0, M >0 then we obtain soliton
5
solution
-1
u(x,t) = —3q b i-b;b 1 - el(wx—ﬂr)
0 3 — L
\ 3¢+ VM Cosh (2e Vo 5)
(36)
5 If p= —SI’T“ <0, g>0,5s <0, M >0 then we obtain soliton
5
solution
-1
2b,
u(x, 1) = 43¢ | - 42b 1 ol @x=an
o + 203 39+ VM cosh(Ze 8”—‘ 5)
bS
37)

6. If p= —8%4 >0, M > 0, then we obtain soliton solutions
5

r -1
2b
u(x,n) ={-3¢q 5 ;b 1 el (@x=2n)
0+ 2b3 ] 344 ey/M cosh (2,/—8”—; .f)
5
(38)
r -l
u(x, 1) =4 -3¢ 2b, 1 ol@x=a0
Vbo+2bs | 344 e/"M sinh <21 [~& 5)
5
(39)

7. If p= _st4 <0, M > 0, then we obtain soliton solutions
5

r -1
u(x,1) =4 -3¢ - 2b42b 1 ol @x-a0)
o + 2b; -3qg+eVM 005(2‘/—;74 .f)
S
(40)
r -1
u(x, ) = —3q‘ / ; Zbe 1 ol @x=an
o +2b3 -3q+eVM sin<2,/8b74 5)
41

where M = 9¢% —48ps, € = +1.

5. Soliton solutions of CH-NLS equation through the modified
simple equation method

Taking the homogeneous balance between w(£)°w” (£) and w(£)® in
Eq. (11), we obtain N = 1. Based on the modified simple equation
method [36,37], we consider the following solution:
o)
v©) |’
where the constants A, and A; # 0 are to be determined later. By
Substitute (42) into (11), taking all the coefficients of powers of ¥ (&)~

and making them to zero, yields a set of algebraic equations for the
possible choice of Ay =0 as follows:

P

W) = Ag+ A [ (42)

AL (2@ + bW @Y (& + bW (&) =0,

Results in Physics 19 (2020) 103549

wE™ 24T OM(©) (bW (€ +2b5s¥"(6)F) =0,
PE)T 0 AT @) (bW () + 6bsP (&) + AT (bW ()
+(2by + b3) P (@) — by (€1 (&))) = O,
PEO 1 — AT (A2 (b +2by) +4bs) W' (EW (&) =0,
&) 1 AL (A2by + bs + Abg) (6P =0, (43)

and the other coefficients of powers of ¥(£)~/ are equal to zero. Solving
last two equations in (43) by Mathematica, we obtain,
bs —b3 +4b2

, bg = 44
—by—2by" 8 16bs “44)

A =2

In this case, first three algebraic equations reduce to

by (&) + by (&P (&) + b (&) =0,

by (&) +2b5¥" (&) = 0,

2 (bsby — 2b1bs) P/(£)* + 8bsbs P (£)* + by (b4 P! (£)?

~2bs (¥"(2)° - 2¢"(OP"(©))) = 0. (45)
From the system of Eq. (45), we obtain the following results

2
byby by
by=-=2, b= L. (46)
! 2bs’ 2 4bs
2bs

Consequently, Eq. (47) reduces to

[ 2b5 —yf-ie -2
Y(E) = —b—Se 57 e —cqe b5+ ey, (48)
4
b,

where = < 0 and ¢, ¢, and ¢z are integration constants. Substituting
5
(48) into (42) along with (10), we obtain the exact solution of Eq. (2)

PO + 2y =0, (47)
5

as:
b, b, -1
-5k -5k
(cle R ce s )

u(x, 1) = 2y - - el x=an,
(B +2b3) [, /,ﬁg -
—cieV 7 t+ceV Tty 0
S

49

As a specific choice, if we set ¢; =0 and 2—3 =4 /—Zbﬁ in (49), then we
2 4

have the dark soliton solution

-1
_ _ b ‘ [_ba g I(x—Qr)
u(x,t) = { 5 (bo n 2[)3) [1 + tanh( 2bs 2)] } e , (50)

while, if we set ¢, = 0 and 2—3 = — ,_Zbﬁ in (49), then we have the
2 4
singular soliton solution

-1
_ b—4 [_ b_4 ¢ I(wx—Q1f)
u(x,1) = { 2(b0+2b3) [1 +Coth< %, 2)] } e . (B1)

Note that the above soliton solutions (50) and (51) are consistent with
our previous solutions (27) and (28), when € = 1, respectively.

6. Graphical representations of the solutions

In this section, we present the physical interpretation of the ob-
tained exact traveling wave solutions of the CH-NLS equation. The
graphical illustrations of some solutions are given in Figs. 1-5 for
special values of the free parameters. From the above figures, one can
see that the obtained solutions possess the dark soliton solutions, the
singular soliton solutions, the solitary wave solutions and the periodic
wave solutions. Fig. 1 of the solutions (18) and (19) shows the shape
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blx I

Fig. 5. The graphics of soliton wave solutions u(x,) of Eqs. (40) and (41) witha=35, 6=1, =03, 2=0.1,e=1,g=5,5=1..

of the dark and singular soliton solutions respectively with a =2, ¢ =
1, o = 1, € = 0.1. On the other hand, Fig. 2 of the solutions (21)
and (22) represent periodic wave solutions with a = 2, ¢ = 1, @ =
0.1, Q = 0.1. Indeed, the solutions in Figs. 3-4 shows the shape of
the exact soliton-like solution of CH-NLS equation. For convenience,
other figures are omitted as they exhibit the same behavior of the above
solutions. The exact solutions and figures obtained in this paper gives
us a different physical interpretation for the CH-NLS equation.

7. Conclusions

Three different techniques, namely, the new approach of gener-
alized (G’/G)-expansion method, the new mapping method, and the
modified simple equation method have been employed to find many
exact solutions to CH-NLS equation. These exact solutions include dark
soliton, singular soliton, and periodic solutions. Further, the graphs of
some solitary wave solutions are presented to express the behavior of
our solutions. As far as we know, these exact solutions have not been
derived in the literature.
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