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1. Introduction

Self-adjoint operators play an important role in the Dirac-von Neumann formulation of quantum mechanics. In complex
and in quaternionic quantum mechanics states are described by vectors of a separable complex (resp. quaternionic) Hilbert
space and the observables are represented by self-adjoint operators on the respective Hilbert space. By Stone’s theorem on
one parameter unitary groups, self-adjoint operators are the infinitesimal generators of unitary groups of time evolution.

The self-adjointness in a Hilbert space is stronger than being symmetric. Even though the difference is a technical issue,
itis very important. For example, the spectral theorem only applies to self-adjoint operators but not to symmetric operators.
In this regard, the following question arises in several contexts: if an operator A on a Hilbert space is symmetric, when does
it have self-adjoint extensions? In the complex case, an answer is provided by the Cayley transform of a self-adjoint operator
and the deficiency indices.

Due to the non-commutativity, in the quaternionic case there are three types of Hilbert spaces: left, right, and two-sided,
depending on how vectors are multiplied by scalars. This fact can entail several problems. For example, when a Hilbert space
‘H is one-sided (either left or right) the set of linear operators acting on it does not have a linear structure. Moreover, in a
one sided quaternionic Hilbert space, given a linear operator T and a quaternion q € H, in general we have that (qT)" # gT*
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(see [1] for details). These restrictions can severely prevent the generalization to the quaternionic case of results valid in the
complex setting. Even though most of the linear spaces are one-sided, it is possible to introduce a notion of multiplication on
both sides by fixing an arbitrary Hilbert basis of #. This fact allows to have a linear structure on the set of linear operators,
which is a minimal requirement to develop a full theory. Thus, the framework of this paper is a right quaternionic Hilbert
space equipped with a left multiplication, introduced by fixing a Hilbert basis. As in the complex case, one may introduce a
suitable notion of Cayley type transform of symmetric linear operators. The idea of considering Cayley transform of linear
operators is due to von Neumann [2] who formally replaced the variable in a Cayley transform by a symmetric operator. The
idea was further extended to other types of linear operators but always with the purpose of getting information of the given
operator by studying the properties of its Cayley transform. A quaternionic Cayley transform of linear operators appeared
in [3,4]; however, the type of transform and the underlying notion of spectrum differ from the one treated in this paper.

In this paper, we define the Cayley transform of densely defined symmetric operators satisfying suitable assumptions.
We will prove that this notion of Cayley transform possesses several properties, in particular it is an isometry and allows to
prove a characterization of self-adjointness.

The plan of the paper is the following. The paper consists of four sections, besides the Introduction. In Section 2 we
collect some preliminary notations and results on quaternions, quaternionic Hilbert spaces and Hilbert bases. In Section 3 we
introduce right linear operators and some of their properties, the left multiplication, we introduce the notion of deficiency
subspace and defect number of an operator at a point also proving some new results in this framework. In Section 4 we
study the deficiency indices of isometric operators and we define the notion of quaternionic Cayley transform for a linear
symmetric operator (satisfying suitable hypotheses) and study its main properties. In particular, we show that a linear
operator is self-adjoint if and only if its Cayley transform is unitary. In the fifth and last section, we show that the Cayley
transform that we have defined based on the choice of a Hilbert basis, in order to have a left multiplication and thus a
two-sided Hilbert space, in fact does not depend on this choice.

2. Mathematical preliminaries

In order to make the paper self-contained, we recall some facts about quaternions which may not be well-known. For
details we refer the reader to [5-7].

2.1. Quaternions

Let H denote the field of all quaternions and H* the group (under quaternionic multiplication) of all invertible quaternions.
A general quaternion can be written as

9=qo+qii+ @+ gk  qo.q1.q2,q3 €R,
where i, j, k are the three quaternionic imaginary units, satisfying i’> = j> = k> = —1andij = k = —ji, jk = i =
—Kkj, ki = j = —ik. The quaternionic conjugate of q is

q=qo — iqy — jq2 — Kkqs,
while |q| = (qq)'/? denotes the usual norm of the quaternion q. If q is non-zero element, it has inverse q !
the set

—_ 9
= L Finally,

S={l =x1i+Xj +x3K| X1, %2, %3 € R, x] + %5 + x5 = 1},

contains all the elements whose square is —1. It is a 2-dimensional sphere in H identified with R?.
2.2. Quaternionic Hilbert spaces
In this subsection we discuss right quaternionic Hilbert spaces. For more details we refer the reader to [5-7].

2.2.1. Right quaternionic Hilbert Space
Let Vﬁ be a vector space under right multiplication by quaternions. For ¢, ¥, w € Vr§1 and q € H, the inner product
(1) :VEx v —m

satisfies the following properties:

V) = (Y | ¢)

2= (¢ | ¢) > Ounless ¢ = 0, areal norm
w

@l +o)=(p|V¥)+(d]|w)
(iv) (o | va)=(¢|V¥)q
(V) (Paly)=ai@|y)
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where g stands for the quaternionic conjugate. It is always assumed that the space V{ is complete under the norm given
above and separable. Then, together with (- | -) this defines a right quaternionic Hilbert space. Quaternionic Hilbert spaces
share many of the standard properties of complex Hilbert spaces.

The next two propositions can be established following the proof of their complex counterparts, see e.g. [6,7].

Proposition 2.1. Let © = {¢; | k € N} be an orthonormal subset of VX, where N is a countable index set. Then following
conditions are pairwise equivalent:

(a) The closure of the linear combinations of elements in © with coefficients on the right is VK.
(b) Forevery ¢, v € V&, the series Y ken (@ | @) (@x | W) converges absolutely and it holds:

(@ 1y) = (&1 oo | V).

keN

(c) Forevery ¢ € VX, it holds:

1612 =1 (e | 9).

keN

(d) ot ={0}.

Definition 2.2. The set O as in Proposition 2.1 is called a Hilbert basis of V.

Proposition 2.3. Every quaternionic Hilbert space V has a Hilbert basis. All the Hilbert bases of VX have the same cardinality.
Furthermore, if O is a Hilbert basis of VX, then every ¢ € VR can be uniquely decomposed as follows:

= ool ¢).
keN
where the series ", _yor{¢k | @) converges absolutely in Vﬁ.

It should be noted that once a Hilbert basis is fixed, every left (resp. right) quaternionic Hilbert space also becomes a right
(resp. left) quaternionic Hilbert space [6,7]. See next Section 3.2 for more details.

The field of quaternions H itself can be turned into a left quaternionic Hilbert space by defining the inner product
(q | ') = qq’ or into a right quaternionic Hilbert space with (q | q') = qq'.

3. Right quaternionic linear operators and some basic properties

In this section we shall define right H-linear operators and recall some basis properties. Most of them are very well known.
In this manuscript, we follow the notations in [8,6]. We shall also prove some results pertinent to the development of the
paper. To the best of our knowledge the results we prove in Sections 3.3 and 3.4 do not appear in the literature.

Definition 3.1. A mapping A : D(A) € VR — VR, where D(A) stands for the domain of 4, is said to be right H-linear
operator or, for simplicity, right linear operator, if
Alpa+ ¥b) = (Ap)a+ (Ay)b, if ¢, v € D(A) and a, b € H.

The set of all right linear operators will be denoted by £(V¥) and the identity linear operator on V& will be denoted by
va. For a given A € £(VR), the range and the kernel will be

ran(A) = (¢ e VR |Ap = ¢ for ¢ € D(A)}
ker(A) = {¢ € D(A) | Ap = 0}.
We call an operator A € £(V¥)bounded if
Al = sup [|A¢]l < oo,
llpll=1
or equivalently, there exist K > 0 such that ||A¢|| < K||¢|| for all ¢ € D(A). The set of all bounded right linear operators will
be denoted by B(VR).

Assume that V£ is a right quaternionic Hilbert space, A is a right linear operator acting on it. Then, there exists a unique
linear operator A’ such that

(¥ | Ap) = (ATy | ¢); forall ¢ € D(A), ¥ € D(AT), (3.1)
where the domain D(A") of A is defined by
D(AT) = {¢ € V{f | 3p such that (¢ | Ap) = (¢ | §)}.
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3.1. Symmetry and self-adjointness

LetA: D(A) — V]IRJI and B : D(B) — V]}R]I be quaternionic linear operators. As usual, we write A C B if D(A) C D(B) and
B|pa) = A. In this case, B is said to be an extension of A.

Definition 3.2. A right linear operator A : D(A) —> V& with dense domain is said to be

(a) symmetric,if A C A.
(b) anti-symmetric, if A C —A".
(c) self-adjoint, if A = AT,
(d) unitary, if D(A) = VR and AAT = ATA = Iyg.
(e) closed, if the graph G := D(A) @ ran(A) of A is closed in V¥ x V&, equipped with the product topology.
(f) closable, if it admits closed operator extensions. In this case, the closure A of A is the smallest closed extension and its
domain and action are
e D(A):={p e VE|Ty e VEs.t.V{¢,} C D(A) with ¢, — ¢, Apy — ¥}

o Ap = .

Proposition 3.3. Aright linear operator A : D(A) —> VH’fI is closed if and only if for any sequence {¢, } in D(A) such that ¢, —> ¢
with Ag, = ¥, —> ¥ in VR, then ¢ = Ag.

Proof. It is straightforward from the definition of closed operators. O

Proposition 3.4. Let A : D(A) —> V be densely defined right linear operator. Then

(a) At is closed. B
(b) Ais closable if and only if D(A") is dense in V&, and A = Aft.
(c) ran(A)* = ker(A") and ker(A) C ran(Af)*.
Furthermore, if D(AT) is dense in VR and A is closed, then ker(A) = ran(At)*.

Proposition 3.5. Let A : D(A) C Vﬁ — Vﬂ’ﬁ be a right linear operator. If A is closed and satisfies the condition that there exists
C > Osuch that

lAg]l > Cligll, (3.2)
forall ¢ € D(A), then ran(A) is closed.

Proof. Let ¢ € ran(A), then there exists a sequence {¢,,} in D(A) such that Ap, —> . Then by (3.2), we know that {¢,} is a
Cauchy sequence in Vﬁ as {A¢n} is Cauchy. Therefore ¢, —> ¢ for some ¢ € Vg. From the Proposition 3.3, we have Ap = .
This completes the proof. O

Proposition 3.6. The right linear operator A : D(A) C VR — VR is symmetric if and only if (A¢ | ¢) € R, for all ¢ € D(A).

Proof. If A is symmetric, then the statement has been proved in [6], Proposition 2.17 (b), but since the proof is short, we
repeat it for completeness: for any ¢ € D(A), (Ap | ¢) = (¢ | Ap) = (Ap | ¢). Thatis, (Ap | ¢) € R, for all ¢ € D(A). To
show the converse, suppose that (A¢ | ¢) € R, for all ¢ € D(A). The polarization identity (see, for example, [6]) is given by
the formula

= 2o+ vl 16— v+ L 3 g+ vl — gz - v) (33)
@191 = JU9+ vl —I6— ¥+ 3 3 (e + vl — T — ¥, .

T=ij.k

where ¢, ¥ € V. Now using this identity, we can immediately see that

(Ad | ¢) = (¢ | Ag), forall § € D(A),

that is, A is symmetric. Hence the result follows. O
3.2. Left scalar multiplications on V]IRiI

We shall extract the definition and some properties of left scalar multiples of vectors on V from [6] as needed for the
development of the manuscript. The left scalar multiple of vectors on a right quaternionic Hilbert space is an extremely

non-canonical operation associated with a choice of preferred Hilbert basis. From Proposition 2.3, VR has a Hilbert basis

O ={e | keN}, (3.4)
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where N is a countable index set. The left scalar multiplication on V& induced by O is defined as the map Hx VR > (q, ¢) —>
q¢ € VR given by

=Y oale| ¢), (3.5)

keN
forall (q, ¢) € H x VX,

Proposition 3.7 ([6]). The left product defined in (3.5) satisfies the following properties. For every ¢, ¥ € VR and p, q € H,

(@) a(¢ +¥) = q¢ + qy and q(¢p) = (q¢)p.
(b) llagll = lalli¢l.

(©) alpe) = (ap)o.

(d) (@@ | ¥)=( | ay).

(e) r¢ = ¢r, forallr € R.

(f) qex = ¢xq, forallk € N.

Remark 3.8. (1) In more rigorous terms, instead of p¢ we will write p - ¢, because the notation from (3.5) may be confusing,
when Vﬁ = H. However, regarding the field H itself as a right H-Hilbert space, an orthonormal basis © should consist
only of a singleton, say {¢o}, with |@g| = 1, because we clearly have 6 = ¢o(¢po | 0), for all & € H. The equality from (f) of
Proposition 3.7 can be written as ppy = @op, forall p € H. In fact, the left hand may be confusing and it should be understood
as p - @o, because the true equality ppo = @op would imply that ¢y = £1. For simplicity, we are writing p¢ instead of writing

P9
(2) Also one can trivially see that (p + q)¢ = p¢ + q¢, forall p, ¢ € Hand ¢ € VE.

Furthermore, the quaternionic left scalar multiplication of linear operators is also defined in [6,9]. For any fixed q € H
and a given right linear operator A : D(A) — Vﬁ, the left scalar multiplication of A is defined as a map gqA : D(A) — Vﬁ
by the setting

(aA)p = a(Ap) = ) _ pealpr | Ag), (3.6)

keN
for all ¢ € D(A). It is straightforward that gA is a right linear operator. If q¢ € D(A), for all ¢ € D(A), one can define right

scalar multiplication of the right linear operator A : D(A) —> V& as amap Aq : D(A) — VR by the setting
(Aq)p = A(qe), (3.7)
for all ¢ € D(A). It is also right linear operator. One can easily obtain that, if q¢ € D(A), for all ¢ € D(A) and D(A) is dense in
VR then
(qA)' = A'q and (Aq)" = qA". (3.8)
Proposition 3.9 ([10]). Let A : D(A) C Vrﬁ — V]IRJI be a densely defined right linear symmetric operator with the property that
ip, jo, ko € D(A), forall ¢ € D(A)and q = qo + iq1 + jg» + kg3 € H.
(a) If iA, jA and KA are anti-symmetric, then (qA)" = qA, A = Aq and
A — alyp)el* = (A = qolys)el* + (a7 + a5 + @)l
forall p € D(A).
(b) If qAis anti-symmetric, then
A — Lyl = I1Ag1” + lal* 2
forall ¢ € D(A).
(c) If qA is anti-symmetric, then
ICA — alyp)el* = 1AG1* + [al 14117
forall ¢ € D(A).
Proposition 3.10 ([10]). Let A : D(A) € VR — V& be a densely defined symmetric right linear operator with the property that

ip, jo, ko € D(A), for all p € D(A). If the operators iA, jA and KA are anti-symmetric, then for any q = qo +iq1 +jq2 + kqz € H
with q2 + q3 + g3 # 0, the following statements are equivalent:

(a) Ais self-adjoint.
(b) Ais closed and ker(At — qﬂvﬁ) = {0} and ker(At — alyx) = {0}

(c) ran(A — qlyx) = ran(A — qlyx) = VR,
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3.3. Regular points and defect numbers of quaternionic linear operators

Definition 3.11. Let A : D(A) € V& — VE be a right linear operator. A quaternion q is called a regular point for A if there
exists a number ¢q > 0 such that

I(A = qly& )1l = cqlloll, (3.9)
for all ¢ € D(A). The set of regular points of A is the regular domain of A and it is denoted by IT(A).

Definition 3.12. LetA : D(A) C V]}R]I — Vﬂﬁ be aright linear operator. For q € IT(A), we call the linear subspace ran(A— qﬂvg )y
of VR the deficiency subspace of A at q and its dimension d,(A) = dim ran(A — qﬂvﬁ ' is the defect number of A at q.

The following proposition discusses some basic properties of the above definitions:

Proposition 3.13. Let A : D(A) C VR — V& be a densely defined right linear operator and q € H.

(@) If qo € I1(A) such that |q — qo| < cq, Where cq, is a constant satisfying (3.9), then q € I1(A). That is, IT1(A) is an open
subset of H. B B
(b) If Ais closable, then IT(A) = IT(A), d4(A) = dq(A) and
ran(A — qlyg) = ran(A — qlyx),
forall q € IT(A).
(c) If Ais closed and q € IT(A), then ran(A — qHVﬁ )is a closed linear subspace of V&.

Proof. (a) Suppose that qo € I1(A) such that |[q — qo| < ¢4, Where ¢, is a constant satisfying (3.9). Let ¢ € D(A), then we
have

I(A = alyr)ell = (A — qolyz)d — (a — 0@l = II(A — qolyr)dll — la — qolll¢ll
> (cqp — la — a0l #ll-

Thus q € I1(A) as |q — qo| < ¢q,. From this, we can say that /7(A) € IT(A)°-interior set of J1(A). Therefore (a) follows.
(b) Let ¥ € ran(A — q]IV[;:H ). Then there exists a sequence {y,} C ran(A — qﬂvg) such that ¢, —  asn — oco. Now for
each n € N, there exists ¢, € D(A) such that ¥, = (A — qH"fﬁ )Pn. By (3.9), we have, forany m,n € N

lpm — dnll < c; ' lI(A— alyz ) dm — ¢n)ll = g 1m — vall.
From this, {¢,} is a Cauchy sequence, because {v,} is a Cauchy sequence. Then {¢,} is convergent and take ¢ = lim,¢;. Since
limpAp, = lim,(¥y + q¢n) = ¥ + q¢ and A is closable, we have ¢ € D(A)and Ap = ¥ + q¢. Thus ¢ = (A — qI[V]E[ )P €
ran(A — q]IVR) This proves that ran(A — q]IVR) C ran(A — q]IVR) On the other hand, take v € ran(A — qHVﬁ ), then there exists

¢ € DA )such that y = (A — qHVR )¢. By the definition of A, we have for all {¢,} C D(A) with ¢, —> ¢, Ap, —> A¢. From
this, the converse inclusion follows immediately. Therefore,
ran(A — qﬂvﬁ) =ran(A — qu§)~
Let q € I1(A), then there exists a number ¢, > 0 such that
I(A = alyr)oll = cqllol,
for all ¢ € D(A). Now take ¢ € D(A), then Ag, —> A, for all {¢,} C D(A) with ¢, —> ¢, and for eachn € N,
I(A = qlyz )nll = cqllpnll-
Taking limit n — oo on both sides, we get

1A — )l > cliel,

because qﬂvﬁqﬁn = D @k aok | ) — D poneraior | ¢) = q]IVHI_eH¢. This proves that IT(A) € [1(A) and the converse

inclusion immediately follows from the fact that D(A) € D(A). Thus I1(A) = (A).

Since ran(A— qHVR) C ran(A— qHVR) it follows that ran(A—q]IVR )+ C ran(A—gql, )L Let us now take ¥ € ran(A— allx >t
Let & € ran(A — q]IVR) then there exists ¢ € D(A) such that £ = (A — qHVR )P and App, —> Ag, for all {¢,} C D(A) with
¢ —> ¢. If we take & =(A— qHVR)¢n, foralln € N, then (¢ | &) = 0, for all n € N. But (¥ | &) — (¥ | &). Thus
Ex/;ll £) = 0. Thatis, ¥ € ran(A — qﬂvﬁ) . Therefore ran(A — qﬂvg) = ran(A — qﬂvﬁ) Hence d ( ) = dq(A) and point (b)

ws.
° (Oc) gince Ais closed, we have A = A. Thus by the result (b), it immediately follows that ran(A — qllv]g) is a closed subspace.
Hence the result (c) follows. O



448 B. Muraleetharan et al. / Journal of Geometry and Physics 124 (2018) 442-455
3.4. S-spectrum of unbounded quaternionic linear Operators

For a given right linear operator A : D(A) € VR — VR and q € H, we define the operator Qq(A) : D(A?) — H by
Qq(A) = A* — 2Re(q)A + |q|*Tyx,

where q = qo +1q1 +jq> +Kqs is a quaternion, Re(q) = qo and |q|* = g2 +¢2 + ¢ + 3. In the literature, the operator Q,4(A)
is sometimes also denoted by R4(A) and it is called pseudo-resolvent since it is not the resolvent operator of A but it is the
one related to the notion of spectrum as we shall see in the next definition. The notion of S-spectrum has been introduced
by one of the authors and her collaborators. For more information, the reader may consult e.g. [9,11,12,6].

Definition 3.14. Let A : D(A) € VR — V& be a right linear operator. The S-resolvent set (also called spherical resolvent set)
of A is the set ps(A) (C H) such that the three following conditions hold true:

(a) ker(Qq(A)) = {0}.
(b ) ran(Qq A)) is dense in VE.
(€) Qq(A)~!: ran(Q4(A)) — D(A?) is bounded.

The S-spectrum (also called spherical spectrum) os(A) of A is defined by setting o5(A) := H ~\ ps(A). It decomposes into
three disjoint subsets as follows:

(i) the spherical point spectrum of A:
ops(A) :={q € H | ker(Qq(A)) # {0}}.
(ii) the spherical residual spectrum of A:
ors(A) == {q € H | ker(Qq(A)) = {0}, ran(Q,(A)) # Vg }.
(iii) the spherical continuous spectrum of A:
oes(A) = {q € H | ker(Qq(A)) = {0}, ran(Qq(A)) = Vi, Qq(A)~" ¢ BV) }.
IfAp = ¢pqforsomeq € Hand ¢ € VH’fI ~ {0}, then ¢ is called an eigenvector of A with right eigenvalue q. The set of right
eigenvalues coincides with the point S-spectrum, see [6], Proposition 4.5.
Proposition 3.15 ([6,8]). Let A € L(V,’j) and A be self-adjoint, then os(A) C R.
Proposition 3.16. Let A : D(A) C V; — V& be right linear operator with the property that i, jo, k¢ € D(A), forall ¢ € D(A),
and q € H. Then the pseudo-resolvent operator Qq4(A) of A can be written as follows:
1
Q) = 5 [(A— alyg)A = Tyg) + (A — Ty A - L) (3.10)
Furthermore, if A is densely defined, closed and symmetric with D(A%) = Vg, then I1(A) C ps(A).

Proof. Formula (3.10) has been proved in [13], Proposition 5.9. To prove the second part of the statement, suppose that A is
a densely defined closed symmetric operator then, using Cauchy-Schwarz inequality, we have for any ¢ € D(A?),

1Q4(A)P NP1l = (Qq(A)D | &)
1 1
= 5<(A - qﬂvg)(/‘ - ﬂvﬁ)d’ | o) + E«A - ﬁﬂvﬁ)(A - qﬂvﬁ)d’ | &)

_ 1 A 2, 1 A 2
= 5”( = qlyr)o | + 5”( —alyz)pl”.
That is, for any q € Hand ¢ € D(A?),
1 1
1Q4(A) NP1l = Ell(A — qlyr )ol* + Ell(A - qHV§)¢>||2. (3.11)

Thus, if q € I1(A), then there exists ¢; > 0 such that (3.9) holds. Let ¢ € D(A?), then

1 2 CCZI 2
1Qa(A)¢lllel = SII(A — alyx)ell” = -]

This is equivalent to say that for every ¢ € D(A?),
2
C

1Qq(A)pll = 5q||¢||- (3.12)
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for all ¢ € D(A). From this, we have
ran(A — qlx Yt x ran(A — allys Yt = ker(A — allyr) x ker(A — ql,x) = {0} x {0}
as A is self-adjoint (i.e. A = A"). Hence d4(A) = dg(A) = 0 and this completes the proof. O

Proposition 3.20. Let A : D(A) C VI}’fI — Vﬁ be a densely defined right linear closed symmetric operator. Then
{q € H|q,q € II(A) and dy(A) = dg(A) = 0} € ps(A).

Proof. It follows from Propositions 3.16 and 3.19. O

4. The quaternionic Cayley transform
Proposition 4.1. Let A : D(A) € V§{ —> V& be a densely defined right linear symmetric operator with the property that
ip, jo, k¢ € D(A), for all ¢ € D(A). If the operators iA, jA and KA are anti-symmetric, then

H <R C I1(A).

Proof. From (a) in Proposition 3.9, we have, for every q € H \ R,

1A — alyx)ell > /(a7 + a3 + @l

for all ¢ € D(A). This suffices to conclude the proof. O
Let L = Ao + Aqi + Azj + A3k € H be a quaternion suchthat A, >0: t =1, 2, 3.
Definition 4.2. Let A : D(A) € V8 — V& be a densely defined closed symmetric right linear operator with the property
thatig, jo, k¢ € D(A), for all ¢ € D(A). If the operators iA, jA and kA are anti-symmetric then
n(A) := dy(A) = dimran(A — Az ) (4.1)
The number n(A) is called deficiency index of A.

We note that, in principle, one could have defined two deficiency indices n(A) := dy(A) = dimran(A — I]I‘,ﬁ )y

n_(A) := dy(A) = dimran(A — u‘,ﬁ y*, however Theorem 3.18 implies that d (A) is constant on each connected component
of IT(A) and thus n,(A) = n_(A) = n(A).
Now, we shall verify some elementary facts about linear isometric operators.

Definition 4.3. A right linear operator U : D(U) € Vf — V& is said to be an isometric operator, if |U®| = ||#]|, for all
¢ € D(U).
The following proposition collects some basic aspects of the right linear isometric operators.

Proposition 4.4. Let U : D(U) C VR — V! be a right linear isometric operator. Then:

(a) Foreach ¢, € D(U), we have (U | Uyr) = (¢ | V).
(b) U is invertible and its inverse U~ is also isometric.

(¢) U is closed if and only if D(U) is a closed subspace of V&.
(d) H~S C I1(U).

Proof. (a) Since U is linear and isometric, using the polarization identity (3.3), we can easily obtain the desired relation

(U | Uyr) = (¢ | ¥), forall ¢, ¥ € D(U).
(b) and (c) These statements trivially follow.
(d) Since U is an isometry, one can see that

U — plyp)pll = HUSl=lrll¢ll = 11=lrlllel, (4.2)
forall ¢ € D(U)and p € H \ S. This inequality proves (d). O

Theorem 3.18 implies that the defect numbers of the right linear isometric U : D(U) € V{ — VE are constants on the
interior of S and on the exterior of S. The cardinal numbers

d'(U) := d,(U) = dimran(U — unvg)i if |u] < 1, (4.3)
d°(U) := d,(U) = dimran(U — ,u[vﬁ)L if ] > 1 (4.4)

are called the deficiency indices of the isometric operator U. The following lemma gives an interesting result about these
numbers.
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Lemma4.5. If U : D(U) € VR — VR is aright linear isometric operator, then d'(U) = dim ran(U)* and d°(U) = dim D(U)*.

Proof. If we choose . = 0in (4.3), then it follows directly that
d'(U) = do(U) = dimran(U)*.
Now for any fixed u € Hwith 0 < || < 1, we have
(U™ = pIyp)U¢ = (Iyx — mUYp = —m(U — n” ' Lyr)o,
for all ¢ € D(U). From this, we can obtain ran(U~! — ;LI[VSI) =ran(U — ;L‘1]IVH§ ). Therefore by (4.4),
d®(U) = dimran(U — ,L*lﬂvﬁ Y =dimran(U™! — Ry Y
That is
d®(U) = d'(U™") = dimran(U™")* = dimD(U)*
follows. O

The following lemma shows an important result.
Lemma4.6. If U : D(U) C V]IffI — Vﬁ is a right linear isometric operator and ran(ﬂvﬁ—U )is densein VH’}}, then ker(]IVﬁ —U) = {0}.

Proof. If ¢ € ker(ﬂvﬁ — U), then (Hvﬁ —U)p =0and so U¢p = ¢. Thus for any ¥ € D(U),
((Iyr =UM | ) = (¥ | ) = UV, ¢) = (¥ | ¢) = (U¥,Ug) = (¥ | ) — (¥, ¢) = 0.
This is enough to say that ¢ = 0 as ran(]IV[;;]I — U)isdensein Vﬁ- O
LetA: D(A) C VJ}'E — V[ﬁ be a densely defined right linear symmetric operator with the property that ig, jo, k¢ € D(A),
for all ¢ € D(A) and the operators iA, jA and KA are anti-symmetric. Since A, > 0: t = 1,2,3(i.e. A #0: t = 1,2,3),

we have A € I1(A) by Proposition 4.1. Hence, A — )‘HVfﬁ is invertible. Using these facts, the H-Cayley transform is defined as
follows:

Definition 4.7. Let A : D(A) € VR — VR be a densely defined right linear symmetric operator with the property that
ig, jo, k¢ € D(A),forall ¢ € D(A)and the operators iA, jA and KA are anti-symmetric. The operator U, : D(Uy) € V[§1 — V]}'fl
defined by

Up = (A = Myp)(A — Xyp) ™", with D(Uy) = ran(A — Xlyz), (4.5)
is said to be the H-Cayley transform of A. That is, U, is defined by

Ux(A — XHVIS )¢ = (A —Myx)¢, forall ¢ € D(A). (4.6)

From now on we use the terminology ‘Cayley transform’ rather than saying H-Cayley transform. Some useful properties
of the Cayley transform are summarized in the following proposition:

Proposition 4.8. Let A : D(A) € V8 — VR be a densely defined right linear symmetric operator with the property that
ig, jo, ko € D(A), for all p € D(A) and the operators iA, jA and KA are anti-symmetric. If U, is the Cayley transform of A, then
the following statements hold:
(a) The Cayley transform U, is an isometric operator on Vn§1 with domain D(Uy) = ran(A — X]IVH%) and range ran(Uy) =
ran(A — )“]I‘/ﬁ ).
(b) ran(lyz — Uy) = D(A) and A = (ALx — XUA)(]IV& —Ux)
(c) Ais closed if and only if Uy is closed.
(d) If Bis another densely defined right linear symmetric operator with the property that i¢, j¢, k¢ € D(B), for all ¢ € D(B)
and the operators iB, jB and KB be anti-symmetric, then A C B if and only if Uy C Up.
(e) d'(Uy) = d°(Uy) = n(A).

Proof. (a)Let ¢ € D(A). By (a) in Proposition 3.9, we have
(A — Alyk P11 = II(A— Aoy 017 + (A7 + 45 + A)lle |
and one can notice that [|(A — Alyz)ell = [I(A — XI[V[E[ )p||. Take ¥ = (A — mvﬁ )¢, then

1UA | = [I(A = ALyp)o |l = [I(A — Xy)gll = [1l.
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Therefore the Cayley transform U, is isometric. Now, D(Uy) = ran(A — XHV{}I) follows from (4.5) and ran(U,) = ran(A — lﬂvﬁ)
follows from (4.6). B
(b)Let ¢ € D(A)and ¢ = (A — Hvﬁ )¢. Then one can see that

(e — Uy = (h = D¢, (47)

and this gives ran(va — Ua) = D(A) by recalling that (A — 1) # 0. Since D(A) is dense in Vﬂ’ﬁ and by Lemma 4.6, we have
ker(]IV[;;]I — U) = {0}. (Observe that this implication could be obtained directly using Eq. (4.7) as well.) Moreover a direct
calculation shows that

(Mg = AUAY = (A — DA, (48)

where ¥ = (A — XHVHE )¢ and ¢ € D(A). From (4.7) and (4.8), we get, for any ¢ € D(A),

(Mg — XUA)(]IV@ — U {A =) = (A — L)Ag. (4.9)
Statement (a) in Proposition 3.9 gives qA = Aq, and using (4.9) we obtain that

(Myx = AUL(Iyx — Ua) ' (A = 1) = A((X — X)), (4.10)
for all ¢ € D(A). For any ¢ € D(A), one can choose that £ = (A — 1)~ "¢ since (A — &) £ 0. Since & € D(A), it follows that

(Mlyg — KUa)lys — Un)™ (b = 1)§ = A — D)%
from Eq. (4.10). Thereby, using (c) in Proposition 3.7, we obtain that

(Myx = AUA)(Iyx — Ua) ™' = A

and D(A) S D((Alyz —XUA)(va —Us) ). Nowif¢ € D((Myz —XUA)(]IV]I% —Us) Dtheng e D((Iy —Uy) = ran(lyz —Uy) =
D(A). Thus
D((Myr — IUA)(HWQ — Up)™") = D(A).

Hence we have proved that A = (M‘GS - IUA)(]IV@ — Uy~

(c) On the one hand, since A, A € [1(A), by (c) in Proposition 3.13, it follows that, if A is closed, then ran(A — Mvﬁ) and

ran(A — Xﬂvﬁ) are closed subspaces of VX. Thus D(U,) @ ran(Uy) is a closed subspace of VX x V¥ by above statement (a), and
s0 Uy is closed. On the other hand, if Uy is closed, assume that for a sequence {¢,} C D(A), ¢, —> ¢ with Ap, —> ¢. Since
Apn — Ay —> ¥ — A and Uy is closed, we have Ux(Ag, — L) —> Ua(y — A¢). Using the fact that Uy is a linear isometry,
we obtain

|Ua(Adpn — Apn) — Ua(¥r — )|l = (A — Apn) — (¥ — Agp)|l.

That is, (A¢y — A¢py) —> (Y — A¢). Hence Ap, —> v because A¢p, —> A¢. Therefore, A is closed.
(d) This follows from formula (4.6).
(e) By Theorem 3.18, Lemma 4.5 and the above statement (a), one obtains that

di(Uy) = dy(U,) = dimran(U, — Mg Y = n(A),

d®(Ua) = dx(Us) = dimran(Usy — IJIV[ﬁ)L = dy(Ua) = n(A).
Hence the statement follows. O

Now we assume that U : D(U) € VR — VR is a right linear isometric operator and ran(]IV]g — U)is dense in VX, Then by
Lemma 4.6, ker(Hvﬁ — U) = {0} and the operator ]I‘,”;_ar — U is invertible. The operator

Ay = (Mg — XU)(HVH,i — U)~! with domain D(Ay) = ran(I,z — U) (4.11)
is called the inverse Cayley transform of U. From this definition we have
Au(lyx — U = (Myp — AU)Y forall € D(U). (4.12)

Next proposition is a consequence of the above discussion on the inverse Cayley transform.
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Proposition 4.9. Let U : D(U) C VR — VR be a densely defined right linear symmetric and isometric operator with the property
that iy, jyr, kY € D(U), for all v € D(U) and the operators iU, jU and KU are anti-symmetric. Suppose that ran(]IVﬁ —U)is

dense in V. Then the operator
Ay = (Mg — XU)(HV{} — U™ with domain D(Ay) = ran(lyz — U)

is a densely defined right linear symmetric operator which has Cayley transform U.

Proof. It is immediate that Ay is a right linear operator. Take ¢ € D(Ay), then ¢ = (var — U)y for some ¢ € D(U). Since U
is isometric, we have

(Aud | §) = (Au(lyz = Uy | (Lz — U)Y)
= ((Myz = XU | (Ix — UYY)
= (AMlyryr | Lye ) + AUy | Uy) — (Allye g | UY) — AUy | Lz ).
By (a) in Proposition 3.9, we get
(Aud | @) = Myryr | Iyrir) + (UAY | Uy) — AMyrdr | UY) — AUy | Lyrir).
Since U is isometric and using (d) in Proposition 3.7, we have

(Avgp | @) = Ay | ¥) + (Y [ Ay) — Ay [ UY) — Uy | Ay)
= 2Re[(Ay | ¥) — (MY | UY)].
Thus (Ay¢ | ¢) € R, for all ¢ € D(Ay). Hence by 3.6, Ay is symmetric. Since D(Ay) = ran(J, R = U) is dense in VK, Ay is
densely defined. Furthermore, for any ¥ € D(U), using (4.12), we derive the equalities:

(Ay = Mye)(Iyz — Uy = (A = 1)y and (Ay — Mye )Ty — U = (k= D)UY
Using point (a) in Proposition 3.9, these two equalities imply that

UX -2y = (Ay — Ay Ay — Hvﬁ)_l(k — M. (4.13)
For any ¥ € D(A), one can choose © = (A — L)~ 14 since (A — 1) # 0. Since ¥ € D(A), it follows that

Uh =19 = (Ay — Ay Ay — Xnvg)—l(x — 0.
Thereby, using (c¢) in Proposition 3.7, we get the desired formula

UY = (Ay — M)Ay — Xyg) "'y
and D(U) € D((Ay — Myr)(Ay — Myz)~"). Since

D((Ay = My YAy — M) ™) S D((Ay — M) ") = ran(Ay — Mz) = D(U)
we conclude that U = (Ay — MIVR YAy — IHVR y~!. That is, U is the Cayley transform of Ay. Hence the result follows. O

In the complex case, it is enough to assume that U is a linear isometry and that ran(I VR — U)is adense subspace. But in the

quaternionic case, we need some more conditions on U. Specifically U should be a densely defined right linear symmetric
operator with the property that iy, jy, kyy € D(U), for all ¥ € D(U) and the operators iU, jU and kU should be anti-
symmetric. The following theorem collects the main facts contained in the above two propositions. In order to state the
theorem, we need to introduce the following sets of right quaternionic linear operators:

x ={A|i¢,jo, k¢ € D(A), V¢ € D(A)and (tA)l = —1tAV T =1,j, Kk},

= {A| A € X is densely defined and symmetric}
and
= {U | U is isometric andWQ—U) = VL.
Theorem 4.10. The Cayley transform ¢ : 2) —> 3 defined by
“(A) = Un = (A= Alyp)(A — Xﬂvﬁ)_l,
forall A € %, is a injective mapping. Its inverse is the inverse Cayley transform ¢~! : 9 N3 — %), defined by
¢7(U) = Ay = (ATyx — AUX(Iyx — U)7",
forallU e 9PN 3.
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Proof. The proof can be obtained from the combination (a) and (b) in Propositions 4.8 and 4.9. O

Remark 4.11. To show that the class D03 is non-empty and contains non-trivial elements, it is sufficient to consider 2 x 2
matrices of the form Ay = LCOSO siné ] They trivially belong to the class 2) N 3 and they allow to construct examples

sinf  —cosé
of matrices of any size still belonging to the same class. In fact it is sufficient to consider matrices of size 2n x 2n of the

form diag(Ag, , . . . , Ag,) or matrices of size 2n + 1 x 2n + 1 of the form diag(£1, Ay, , . .., Ag,). One can perform arbitrary
permutations of the elements on the diagonal still obtaining matrices in the class ) N 3.

Due to the non-commutativity of the quaternions, ¢ cannot be bijective despite the fact that the analogous map in the
complex case is bijective.

We prove two corollaries of this theorem.
Corollary 4.12. Let A € 9), Ux be its Cayley transform and let U4 € ) N 3. Then A is self-adjoint if and only if U, is unitary.

Proof. From Proposition 3.10, A is self-adjoint if and only if ran(A — Mvg) =ran(A — Hvﬁ) = V&, it is equivalent to say Uy
is unitary, because of (a) in Proposition 4.8. O

Corollary 4.13. A unitary operator U € ) N 3 is the Cayley transform of a self-adjoint operator if and only if ker(]IV[§I —U)= {0}

Proof. By Theorem 4.10, there exists Ay € 2) such that ¥~!(U) = Ay. That is, Ay is densely defined. Thus D(Ay) =
ran(]Ivlﬁ — U) = VE From (c) in Proposition 3.4, the conclusion follows. O

5. Partial invariance of Cayley transform

In the previous section we defined the Cayley transform using a left multiplication defined in terms of a fixed basis of
a right quaternionic Hilbert space. However, a natural question arises: whether the defined Cayley transform is invariant
under the basis change and we will show, in this section, that the invariance holds partially.

Let © = {¥x | k € N} be a Hilbert basis different from the basis in (3.4) for Vﬂﬁ. For any given q € H \ {0} define the
operators £, and £, by

Lop=q-0=) palg|$) (5.1)
keN
and
Sap=qxp=) Dad|9¢), (5.2)
leN

forallp € V. We would like to remind to the reader that, up to the end of Section 4, what we called q¢ is now written as q-¢.
We wrote it in this new way for individuating it from the other left-scalar-multiplication q * ¢. The following proposition
provides a useful result.

Proposition 5.1. Foreach q e H, £, = £, ifand only if (¢ | ¥) € R, for every (¢, V) € O x O.

Proof. An equivalent form of this statement has been proved in [6], Proposition 3.1. O

Next result concludes this section.

Theorem 5.2. Let A : D(A) € VR — V& be a densely defined right linear symmetric operator with the property that
ip, jo, ko € D(A), for all p € D(A) and the operators iA, JA and KA are anti-symmetric. Let Uy and V, be the Cayley transforms
of A defined by

Up=(A—X Tr)A— A va)‘l with D(Ug) = ran(A — X - Iyg)
and
Va=(A—XxLr)A— A% ]Ivgl)’l, with D(V,) = ran(A — A Iyz)

respectively. If (¢ | ©) € R, forevery (¢, %) € O x O, then Uy = V.

Proof. It is straightforward from Proposition 5.1. O
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