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� A viscoelastic model was proposed to
simulate variation in mechanical
properties of elastomers.

� Hyper-viscoelastic constitutive
models were developed to simulate
mechanical behaviour of elastomers.

� The proposed models could be used
to predict material behavior using
model parameters.
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Non-linearity, loading rate, as well as temperature and pressure dependency present major challenges in
the investigation of properties, particularly the mechanical properties of elastomeric polymers. Recently,
material and structural engineers have focused on investigating the mechanical behavior of hyper-elastic
materials under varying strain rate conditions. In addition, they have been developing constitutive mod-
els to define the non-linear behavior of these materials, combined with the strain rate effect, which sim-
ulates behavior under different loading conditions. In this study, a new viscoelastic model is proposed to
simulate the variation in the mechanical properties of elastomeric materials. Hyper-viscoelastic constitu-
tive models were also developed by modifying existing hyper-elastic models (Mooney–Rivlin and Ogden)
with existing viscoplastic models (Cowper–Symonds and Johnson–Cook) and the proposed viscoelastic
model. The proposed models were verified through experimental results by investigating the uniaxial
tensile behavior of an elastomeric polyurethane (PU) sample under varying low strain rate regimes
(0.001 s�1–0.1 s�1). The proposed viscoelastic model exhibited the best correlation to present the
enhancement of mechanical properties under varying strain rate conditions compared with the
Cowper–Symonds and Johnson–Cook models. The proposed hyper-viscoelastic models could be used to
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predict material behavior using only one set of hyper-elastic model parameters at a certain strain rate,
combined with viscoelastic model parameters. The hyper-viscoelastic cumulative strain energy and
stress–strain models, which were developed with the proposed viscoelastic model, demonstrated high
accuracy in predicting material behavior with the strain rate effect of elastomeric PU or similar materials.

� 2019 Elsevier Ltd. All rights reserved.
1. Introduction

Recent experimental and computational investigations on elas-
tomeric polymer composites have highlighted positive contribu-
tion of elastomers in enhancing the performance of protective
structures. Structures made out of construction materials such as
metals, masonry, concrete, and other composites with elastomeric
polymer coating have shown enhanced performance in their
energy absorption capacity, permanent deformations, and frag-
mentation effect under dynamic loads [1–16]. Therefore, the
behavior of elastomeric segmented copolymers under varying
strain rates has gained significant attention at present because of
the myriad of engineering, and battlefield applications designed
with elastomeric polymer composites [17–33]. Their outstanding
mechanical, thermal, and chemical properties, as well as
self-healing capability, offer novel means to produce protective
systems that are highly resilient yet dissipative [34–36]. The ther-
modynamic incompatibility and phase separation of soft and hard
segmental copolymers in these elastomeric polymers result in
hybrid mechanical properties, including several energy absorption
and dissipation pathways [1,37–42]. In particular, the phase sepa-
ration of soft and hard segments leads to a wide range of mechan-
ical properties, ranging from soft to hard, which can be obtained by
altering their chemical composition, molecular dispersion, additive
and filler contents, as well as processing and synthesis techniques
[1,6,37–42]. The properties of elastomers highly depend on several
factors, such as temperature, pressure, and applied loading rate.
Their loading rate-, temperature-, and pressure-dependent non-
linear behavior present major challenges in investigating the effect
of these materials under dynamic applications [26–30]. Therefore,
when investigating the mechanical behavior of elastomers, the
deformation state and the working conditions must be considered
to predict the behavior accurately.

The consistent and accurate quantitative characterization of
mechanical properties is problematic in the field of material
testing and more challenging under high strain rate conditions
[17–24,26–33]. Given that the properties of elastomers are not lin-
early viscoelastic to large strains, using Boltzmann super position-
ing theory to deduce properties under high strain conditions is not
well applicable [33]. Although the mechanical performance of elas-
tomers under quasi-static conditions can be evaluated using sev-
eral procedures, standard test methods to evaluate their dynamic
response remain scarce because of the difficulty in maintaining
homogeneous strain under high strain rate conditions [17,18]. Dif-
ferent test methods are available to investigate material properties
experimentally under low to high strain rates, such as the universal
test machine, the high-speed impact or the drop hammer testing
system, the Hopkinson bar testing system, the special video-
controlled tensile testing system, various servo-hydraulic testing
systems, the Zwick screw drive mechanical tester, the Taylor
impact tester, the dynamic tensile extrusion tester, and other types
of modified high-speed test configurations [17–24,26–33].
Recently, numerical and computational investigations have been
used frequently, and thus, several hyper-elastic constitutive mod-
els have been proposed to predict the non-linear behavior of these
elastomeric polymers, such as Mooney–Rivlin [42,43] and Ogden
[44]. Such hyper-elastic models are basically modeled using the
strain energy density function in terms of strain invariants, which
do not consider inelastic behavior. These constitutive models can
define the stress–strain behavior of hyper-elastic materials using
model parameters, which can be derived from simple experimental
results [42–44]. However, these original hyper-elastic models are
rate insensitive, and are commercially available advanced com-
puter simulation codes, such as ANSYS � [45] and LS-DYNA �

[46], are still using the original versions of such material models
that are applicable under limited conditions. Therefore, including
strain rate-dependent effects in original models is necessary to
characterize behavior at different strain rates [22–24,34,47,48].
In addition, several viscoplastic constitutive models have been pro-
posed to define the rate-dependent mechanical behavior of mate-
rials and have been used to modify hyper-elastic models by
introducing viscoplastic models to account for constitutive contri-
bution under varying strain rates [23,24,34,47,48]. These models
will also be straightforward methods for obtaining accurate and
cost-effective estimates.

Polyurethanes (PUs) are hyperelastic and viscoelastic materials,
and synthesized from aromatic or aliphatic isocyanates with the
chemical functionality of at least two hydroxyl groups [1,6]. The
principal mechanical properties of PUs result from the segregation
of hard segments within a soft phase. The hard domains conse-
quently function as physical cross-links and generally lead to tough
elastomers. The hard domains link the linear polymer chains in
two directions, thereby forming a cross-linking network that gov-
erns elastic properties [37,38]. These elastomers are cross-linked
by secondary valence bonding within the domains, such as hydro-
gen bonding, dipole interactions, and van der Waals interactions
[39,40]. Although the dissociation energy of secondary valence
interactions is less in magnitude by one or two orders than those
of main valence bonds, such interactions provide an increase in
cross-linking and controlling segmental mobility. Therefore, they
provide higher thermal and mechanical stability compared with
the stability of conventional cross-linking with only main valence
bonding [39,40]. Molecular segregation is mainly promoted in PU
because of the hydrogen bond formation among urethane linkages
in different hard segments.

In this study, several hyper-viscoelastic constitutive models
were developed by modifying existing hyper-elastic models by
incorporating existing viscoplastic models. Their accuracy in pre-
dicting rate-dependent and non-linear behavior was evaluated
through the experimental results, which were undertaken on an
elastomeric PU sample under varying strain rates (0.001–
0.33 s�1) in a subsequent study, and recently reported experimen-
tal results by Mohotti et al. [23].

2. Constitutive models

2.1. Viscoplastic models

Viscoplastic models are used to define the material behavior
under varying strain rates. The dynamic increase factor (DIF) is
used to quantify enhancement in material properties under high
strain rates, compared with the material properties under



Fig. 1. Parallel mechanical response of viscoelasticity and hyperelasticity.
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reference strain rate condition. Two selected viscoplastic models
and one proposed model are as follows;
2.1.1. Cowper-Symonds model
The Cowper–Symonds model is a constitutive model that can be

formulated to illustrate the DIF of a material property at high strain
Fig. 2. The: (a) Tensile test specimen (Dimensions i
rates [22]. The Cowper–Symonds model is defined with two coef-
ficients, as follows:

DIF ¼ 1þ _e
D

� �1
q

ð1Þ

where _e is the actual strain rate tested, and D and q are the Cowper–
Symonds model coefficients. These coefficients can be determined
by rearranging the preceding equation and then plotting and fitting
the data of ln _e versus ln (DIF-1) linearly. The gradient of the linear
correlation provides the coefficient q, and the intercept represents
ln D. The original Cowper–Symonds model could not represent
the dynamic effect of material properties, which are inversely cor-
related with strain rate. Therefore, the Cowper–Symonds model
was modified as follows:

1
DIF

¼ 1þ _e
D

� �1
q

ð2Þ

where _e is the actual strain rate tested, and D and q are the
Cowper–Symonds model coefficients.
n mm); and (b) Uniaxial tensile test setup [6].



Fig. 3. (a) Engineering stress–strain; and (b) cumulative strain energy of PU sample
under varying strain rates.
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2.1.2. Johnson-Cook model
The Johnson–Cook constitutive model (1983) is a phenomeno-

logical model that is used to reproduce the responses of several
materials, particularly metals [49,50]. This model includes three
key material responses: strain hardening, strain rate dependency,
and thermal softening. These responses are combined in a multi-
plicative manner. In this study, only the strain rate-dependent
material response is used, which is as follows:

DIF ¼ 1þ Cln _e� ð3Þ

where C is the strain rate parameter, _e�is the normalized strain rate
that is defined as _e� ¼ _e

_e0
, _e is the actual strain rate tested, and _e0 is
Table 1
Tensile characteristics at different strain levels.

Strain rate
(s�1)

Young’s modulus
(MPa)

Yield stress
(MPa)

Tangent modulus
(MPa)

Ultimate stres
(MPa)

0.001 22.61 3.34 1.69 6.63
0.005 30.76 4.41 1.55 7.16
0.01 35.06 5.28 1.49 7.75
0.05 55.69 7.94 1.55 9.80
0.1 71.83 9.81 1.47 11.32
0.33 93.45 12.96 0.63 13.88
the reference strain rate. The stranded strain rate-dependent John-
son–Cook model provides a linear relationship with the logarithm
of normalized strain rate. The coefficient C can be determined by
rearranging the preceding equation and then plotting and fitting
the data of (DIF-1) versus ln _e� linearly through the origin. The gra-
dient of the linear correlation gives the coefficient C.
2.1.3. Proposed model
Another constitutive model is proposed by the authors in this

study by observing the limitations in both Cowper–Symonds and
Johnson–Cook models. The initial investigations show that the
Cowper–Symonds model is not well representative at high strain
levels and yields overestimated values. Moreover, the actual
enhancement in material properties does not linearly vary with
the logarithm of normalized strain rate as in the Johnson–Cook
model. Accordingly, the proposed constitutive model is formulated
to illustrate the DIF of a material property at varying strain rates
compared with the material properties under reference strain rate
condition as follows:

DIF ¼ 1þ 1
A

ln _e�
� �B when _e > _e0; andDIF ¼ 1when _e < _e0 ð4Þ

where A and B are the strain rate parameters, and _e� is the normal-
ized strain rate that is defined in the same manner as that in the
Johnson–Cook model. These coefficients can be determined by rear-
ranging the preceding equation and then plotting and fitting the
data of ln (ln _e�) versus ln (DIF-1) linearly. The gradient of the linear
correlation provides the coefficient B, and the intercept represents
ln A.

In addition, some material properties, such as failure strain and
tangent modulus, are demonstrated to be reduced with strain rate.
To represent the behavior of material properties that are reduced
with strain rate, the proposed model is modified as follows:

1
DIF

¼ 1þ 1
A

ln _e�
� �B when _e > _e0; andDIF ¼ 1when _e < _e0 ð5Þ

The coefficients can be determined by plotting and fitting the
data of ln (ln _e�) versus ln ( 1

DIF) linearly.
2.2. Hyperelastic material models

Elastomeric materials exhibit rate dependency in terms of
energy absorption and strength. The use of elastomeric materials
to enhance the dynamic resistance of structures has recently been
demonstrated in both research and applications. These materials
undergo varying strain rates, including high strain rates during
complex dynamic events, such as blast and ballistic impacts.
Empirical models are used to analyze their behavior in both
numerical and analytical investigations, including in FE codes.
The Mooney–Rivlin and Ogden models are widely used and
encoded in ANSYS � [45] and LS-DYNA � [46] software, which
are rate-insensitive.
s Failure stress
(MPa)

Failure
strain

Resilience modulus
(MJm�3)

Toughness modulus
(MJm�3)

5.98 2.19 0.22 9.99
6.55 2.02 0.32 11.07
7.26 1.86 0.34 11.69
9.14 1.50 0.63 12.52
10.99 1.27 0.69 12.68
13.34 1.04 0.75 13.12



Table 2
The coefficients of each viscoplastic and viscoelastic models for the DIF of each tensile material property.

Material property Cowper-Symonds model Johnson-Cook model Proposed model

D q C A B

Young’s modulus 0.0298 1.8418 0.4582 6.9261 1.7383
Yield stress 0.0299 2.0951 0.4584 7.1621 1.7112
Tangent modulus 0.2751 1.3804 �0.0634 32.4273 1.5391
Ultimate stress 0.2232 1.6664 0.1504 37.6638 2.1156
Failure stress 0.1640 1.6778 0.1778 24.2811 1.9416
Failure strain 0.2170 1.6961 �0.0852 32.4630 2.0326
Resilience modulus 0.0268 2.1748 0.4116 5.2028 1.5012
Toughness modulus 3.2269 6.4553 0.0591 12.6645 0.8130
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2.2.1. Mooney-Rivlin model
The Mooney–Rivlin model has exhibited high accuracy in pre-

dicting the non-linear behavior of isotropic elastomeric materials
[43,44]. This model is currently used in considerable research
and finite element (FE) codes as a constitutive model to character-
ize the behavior of hyper-elastic materials. The original Mooney–
Rivlin model is rate-insensitive and is limited to predicting the
behavior at a given strain level or in conditions under which the
strain rate effect is insignificant. To predict the behavior at varying
strain rates, the Mooney–Rivlin parameters for each strain level
should be determined individually using the curve-fitting method.
The Mooney–Rivlin model applies to the solid, shell, beam, and
plane elements of present technologies [23,43,44].

W ¼ wðI
�
1; I

�
2; JÞ ¼

Xn
i;r¼0

Cir I
�
1 � 3

� �i
I
�
2 � 3

� �r
þ
X

Dk J � 1ð Þ2k ð6Þ

where W is the strain energy potential; Cir is the material constant

related to the deviatoric deformation of the material; I
�
1 andI

�
2 are

the first and second strain invariants of the left Cauchy–Green
deformation tensor, respectively; C10 and C01 are the characteriza-
tions of the material constants; and Dk is the material constant

related to the incompressibility response. I
�
1 and I

�
2 can be

explained as follows:

I
�
1 ¼ J�2=3I1; I1 ¼ k21 þ k22 þ k23 ð7Þ

I
�
2 ¼ J�4=3I2; I2 ¼ k21k

2
2 þ k22k

2
3 þ k23k

2
1 ð8Þ

where kk, k = 1, 2, 3 are the principal stretches by considering the
constant volume requires,

k1k2k3 ¼ 1 ð9Þ
The simplest model for a compressible material is given with

two parameters, and the strain energy potential is expressed in
terms of three material parameters as follows,

W ¼ C10 I
�
1 � 3

� �
þ C01 I

�
2 � 3

� �
þ D1 J � 1ð Þ2 ð10Þ

Although the two-parameter Mooney–Rivlin model is widely
used, its accuracy is limited because it does not provide an accurate
strain energy density at high stretches. Therefore, the Mooney–Riv-
lin model has been further modified by several researchers, and
few other versions of the Mooney–Rivlin model are currently used
as the three-, five-, and nine-parameter models. These models pro-
vide a good representation of the behavior at high stretches, and
they have been used in the FE codes ANSYS � [45] and LS-DYNA
� [46].

For 3 parameters, the strain energy potential is formed as:

W ¼ C10 I
�
1 � 3

� �
þ C01 I

�
2 � 3

� �
þ C11 I

�
1 � 3

� �
I
�
2 � 3

� �
þ D1 J � 1ð Þ2 ð11Þ
For 5 parameter, the strain energy potential is formed as:

W ¼ C10 I
�
1 � 3

� �
þ C01 I

�
2 � 3

� �
þ C11 I

�
1 � 3

� �
I
�
2 � 3

� �
þ C20 I

�
1 � 3

� �2
þ C02 I

�
2 � 3

� �2
þ D1 J � 1ð Þ2 ð12Þ

For 9 parameter, the strain energy potential is formed as:

W ¼ C10 I
�
1 � 3

� �
þ C01 I

�
2 � 3

� �
þ C11 I

�
1 � 3

� �
I
�
2 � 3

� �
þ C20 I

�
1 � 3

� �2
þ C02 I

�
2 � 3

� �2
þ C21 I

�
1 � 3

� �2
I
�
2 � 3

� �
þ C12 I

�
1 � 3

� �
I
�
2 � 3

� �2
þ C30 I

�
1 � 3

� �3
þ C03 I

�
2 � 3

� �3
þ D1 J � 1ð Þ2 ð13Þ

where C 10, C 01, C 11, C 20, C 02, C 21, C 12, C 30, C 03 and D1 are the
material constants.

In this study, the nine-parameter strain energy potential is used
because of its high accuracy. From Eqns. (7) and (8), for incom-
pressible materials J = 1 and under uniaxial tension k = k1 and
k2 = k3 =1=

ffiffiffiffiffi
k1

p
=1=

ffiffiffi
k

p
, we can further simplify this potential as

follows.

W ¼ C10 I1 � 3ð Þ þ C01 I2 � 3ð Þ þ C11 I1 � 3ð Þ I2 � 3ð Þ
þ C20 I1 � 3ð Þ2 þ C02 I2 � 3ð Þ2 þ C21 I1 � 3ð Þ2 I2 � 3ð Þ
þ C12 I1 � 3ð Þ I2 � 3ð Þ2 þ C30 I1 � 3ð Þ3 þ C03 I2 � 3ð Þ3

þ D1 J � 1ð Þ2 ð14Þ
Correspondingly, the Cauchy (true) stress can be derived as fol-

lows in terms of two strain invariants:

r ¼ 2ðk2 � 1
k
Þð@w
@ I
�
1

þ 1
k

@w

@ I
�
2

Þ ð15Þ
2.2.2. Ogden model
The Ogden model is another model that is frequently used to

predict the behavior of hyper-elastic materials [44].

W ¼
XN
i¼1

li

ai
ðk
�ai
1 þ k

�ai
2 þ k

�ai
3 � 3Þ þ

X 1
dk

J � 1ð Þ2k ð16Þ

where W is the strain energy potential; k
�ai
k (k = 1, 2, 3) are the devi-

atoric principal stretches, defined as k
�
k ¼ J�

1
3kk, kk (k = 1, 2, 3) are the

principal stretches of the left Cauchy–Green tensor; J is the determi-
nant of the elastic deformation gradient; and N, lkak, and dk are the
material constants

The N value has no limitation, and a good fit to the actual mate-
rial behavior can be obtained with a high N value. However, con-
sidering the numerical difficulties in finding the material
constants, extremely high N values are not used in practice. There-
fore, 1, 2, and 3 are used as N values in research and FE codes. For
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N = 2, a1 = 2, and a2 = � 2, the Ogden model is the same as the
two-parameter Mooney–Rivlin model.

The Ogden material constants are as follows. For N = 1: l1, a1,
d1; for N = 2: l1, a1, l2, a2, d1, d2; for N = 3: l1, a1, l2, a2, l3, a3,
d1, d2, d3; and for N = k: l1, a1, l2, a2, . . ., lk, ak, d1, d2, . . ., dk.
For incompressible materials, J = 1. Under uniaxial tension, k = k1
Fig. 4. DIF for tensile characteristic of PU at varying strain rates and the curve fit of the p
Ultimate tensile stress; (e) Failure stress; (f) Failure strain; (g) Resilience modulus; (h) T
and k2 = k3 =1=
ffiffiffiffiffi
k1

p
= 1=

ffiffiffi
k

p
. Thus, this model can be further simpli-

fied as follows:

W ¼
XN
i¼1

li

ai
ðkai þ 2

kai=2
� 3Þ ð17Þ
roposed DIF model; (a) Young’s modulus; (b) Yield stress; (c) Tangent modulus; (d)
oughness modulus.



Fig. 4 (continued)

Table 3
The coefficient of determination, R2, obtained for each tensile property.

Material
property

Cowper-Symonds
model

Johnson-Cook
model

Proposed
model

Young’s
modulus

0.9842 0.8990 0.9920

Yield stress 0.9690 0.9093 0.9991
Tangent

modulus
0.6827 0.5273 0.4353

Ultimate stress 0.9697 0.8613 0.9995
Failure stress 0.9837 0.8783 0.9968
Failure strain 0.9773 0.9612 0.9978
Resilience

modulus
0.9493 0.9411 0.9540

Toughness
modulus

0.9365 0.9615 0.9734
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In this study, three-parameter strain energy potential is used
because of its high accuracy, and the energy potential is as follows.

W ¼ l1

a1
ðka1 þ 2

kai=2
� 3Þ þ l2

a2
ðka2 þ 2

ka2=2
� 3Þ

þ l3

a3
ðka3 þ 2

ka3=2
� 3Þ ð18Þ

Correspondingly, the Cauchy (true) stress can be derived as
follows.

r ¼ @W
@k

¼
XN
i¼1

li kai�1 þ 2

k
ai
2þ1

� 3

 !
ð19Þ
Fig. 5. Comparison of original hyperelastic model with experimental data to predict
the cumulative strain energy of the PU sample (a) Nine-parameter Mooney-Rivlin;
and (b) Three-parameter Ogden models.
2.3. Hyper-viscoelastic material behaviour – energy models

Use of strain rate-insensitive constitutive models in predicting
materials behavior in dynamic situations are inaccurate. Therefore,
these hyper-elastic models should be modified into formats that
can accurately predict material behavior together with strain rate
effects. In this study, the original Mooney–Rivlin and Ogden mod-
els are improved by adding a strain rate-dependent term, which
will be useful in reducing computation times and enhancing the
accuracy of the models. Hyper-viscoelastic models are built by
including two parallel material responses, namely, hyper-
elasticity and strain rate dependency, which are combined in a
multiplicative manner [Fig. 1]. The modified strain rate-sensitive
Mooney–Rivlin and Ogden models are as follows.



Fig. 6. Comparison of different viscoplastic and viscoelastic models with the
cumulative strain energy enhancement under different strain levels, (a) Cowper-
Symonds; (b) Johnson-Cook; and (c) proposed models.
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2.3.1. Modified viscoelastic Mooney-Rivlin models
The modified rate-dependent Cowper–Symonds Mooney–Rivlin

strain energy potential is given in Eq. (20), and the Cauchy (true)
stress models are presented in Eq. (21).

W ¼ wðI
�
1; I

�
2Þ 1þ _e

D

� �1
q

 !
ð20Þ

r ¼ 2ðk2 � 1
k
Þð@w
@ I
�
1

þ 1
k

@w

@ I
�
2

Þ 1þ _e
D

� �1
q

 !
ð21Þ

The modified rate-dependent Johnson–Cook Mooney–Rivlin
strain energy potential is provided in Eq. (22), and the Cauchy
(true) stress models is presented in Eq. (23). These two models
were studied by Mohotti et al. [23] comparison was undertaken
with the other proposed models in this study.

W ¼ wðI
�
1; I

�
2Þ 1þ Cln _e�
� � ð22Þ

r ¼ 2ðk2 � 1
k
Þð@w
@ I
�
1

þ 1
k

@w

@ I
�
2

Þ 1þ Cln _e�
� � ð23Þ

The proposed rate-dependent Mooney–Rivlin strain energy
potential is indicated in Eq. (24), and the Cauchy (true) stress
model is given in Eq. (25).

W ¼ wðI
�
1; I

�
2Þ 1þ 1

A
ln _e�
� �B� �

ð24Þ

r ¼ 2ðk2 � 1
k
Þð@w
@ I
�
1

þ 1
k

@w

@ I
�
2

Þ 1þ 1
A

ln _e�
� �B� �

ð25Þ
2.3.2. Modified viscoelastic Ogden models
The modified rate-dependent Cowper–Symonds Ogden strain

energy potential is given in Eq. (26), and the Cauchy (true) stress
model is presented in Eq. (27).
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The modified rate-dependent Johnson–Cook Ogden strain
energy potential is provided in Eq. (28), and the Cauchy (true)
stress model is presented in Eq. (29).

W ¼
XN
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k
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Table 4
The material model parameter of each viscoplastic and viscoelastic models for the
cumulative strain energy enhancement.

Cowper-Symonds
model

Johnson-Cook model Proposed model

D q C A B

0.0398 1.6072 0.3932 11.2391 1.9779
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The proposed rate-dependent Ogden strain energy potential is
indicated in Eq. (30), and the Cauchy (true) stress model is given
in Eq. (31).
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A

ln _e�
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ð31Þ
Fig. 7. Comparison of different viscoplastic and viscoelastic models with the
cumulative strain energy enhancement.
3. Experimental program

3.1. Materials

Palm-based polyol (PKO-p) [51,52] was supplied by the Polymer
Research Center (PORCE) of the Universiti Kebangsaan Malaysia
(Bangi, Malaysia). 4,4-Diphenylmethane diisocyanate (MDI) was
obtained from Cosmopolyurethane Sdn. Bhd., Kuala Lumpur,
Malaysia. Acetone (industrial grade) and polyethylene glycol
(PEG: Mw 200 Da) were purchased from Sigma Aldrich (M) Sdn.
Bhd., Malaysia, Petaling Jaya, Malaysia.
3.2. Preparations of the PU elastomers

A PU resin was prepared using the solution-casting technique
from the rapid reaction between PKO-p and MDI via the pre-
polymerization technique in the presence of PEG as the plasticizer.
The ratio of PKO-p: MDI: PEG was 100:80:6, and PU resin was pre-
pared as pre-cast sheets with a thickness of approximately 3 mm. A
clear yellowish and bubble-free PU sheet was obtained and left
under the condition of ambient temperature for further
characterization.
Fig. 8. Comparison of modified Cowper-Symonds hyperelastic models with exper-
imental data to predict the cumulative strain energy of the PU sample (a) Nine-
parameter Mooney-Rivlin; and (b) Three-parameter Ogden models.
3.3. Tensile test

The tensile mechanical behavior of the PU at varying strain
rates was examined using an Instron model 5566 testing machine
(Instron Corporation, Canton, MA, USA) under the displacement-
controlled method (constant engineering strain rate). Dumbbell
test specimens were chopped from the cured pre-cast PU sheets
using Die C, as specified in ASTM D 412: Method-A [Fig. 2(a)]. Each
specimen was chopped in the same direction in the PU sheet to
minimize the effect of anisotropy or grain directionality caused
by the flow direction during preparation and processing. The spec-
imen dimensions were measured using a vernier caliper with an
accuracy of 0.01 mm, and the average of three measurements
was used for each dimension (width and thickness). Griping was
conducted automatically to avoid the influence of clamping pres-
sure because elastomeric materials are extremely sensitive to
clamping pressure. The uniaxial tensile tests were conducted at
varying strain rates between 0.001 s�1 and 0.33 s�1 by achieving
different crosshead speeds [Fig. 2(b)] (the maximum grip velocity
of the machine used was 500 mm/min, which corresponded to
the strain rate of 0.33 s�1 for the test specimens used). All tests
were performed at an ambient temperature of approximately
22 �C. The entire test was controlled through a computer with
highly rated software (Blue Hill v2.5, Instron Corporation, Canton,
MA, USA). Data acquisition (time, load, and deflection) was con-
ducted using the same software until the failure of specimens.
For each strain level, a minimum six samples were tested. Average
curve was used to simulate the behavior at each strain level as
shown in Fig. 3.
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4. Experimental results

The extensive use of PUs in the modern design industry as a
strengthening, retrofitting, protective, and composite material
highlights the necessity of observing its material properties, par-
ticularly their tensile mechanical characteristics, such as Young’s
modulus, yield, ultimate and failure stresses, and failure strain.
Accordingly, a discussion on these properties obtained from a ser-
ies of experimental studies and their rate dependency is docu-
mented in the following section. The universal testing machine
has been extensively used to investigate the tensile characteris-
tics of elastomeric materials. The mechanics of the strain rate-
dependent behavior of the PU sample was elucidated in experi-
ments, in which homogeneous dynamic deformation processes
(constant engineering strain rates) were achieved over the tested
strain rate regimes. Fig. 3(a) plots the engineering stress–strain
curves of the PU sample investigated in this study at various
strain rates and their comparison. The actual strain rate in each
specimen was calculated by differentiating strain–time history
and showed a uniform strain rate condition throughout the test
duration under each strain rate level. Stress–strain non-linearity
and high rate dependence were observed under each stress strain
Fig. 9. Comparison of modified Johnson-Cook hyperelastic models with experi-
mental data to predict the cumulative strain energy of the PU sample (a) Nine-
parameter Mooney-Rivlin; and (b) Three-parameter Ogden models.
level. For all the specimens, a single break point at arbitrary loca-
tions was observed during the failure, and only the specimens
that failed within their gauge length were used for further
analysis.

The initial elastic region showed the typical behavior of an elas-
tic–plastic material over tested strain rate regimes. After the linear
stress–strain region with substantial stress and elongation, PU
started yielding, as shown in Fig. 3(a), under all strain rate condi-
tions. The further increase in the loads above the elastic limit ini-
tiated the breakdown of the two-phase structure (soft and hard
segments) because of the breakdown of cross-linkages. This phe-
nomenon caused the sliding of hard segments relative to their
neighboring segments within the hard domains, fragmenting the
original hard domains into several smaller units, stripping of seg-
ments from the hard domains, and the formation of a new soft
matrix within the hard domains. Irreversible deformations and
residual strain then occurred in the material. The PU reached its
ultimate tensile stress before its failure caused by the strain hard-
ening mechanism under all tested strain rate levels. However, a
decrement in the strain hardening behavior was shown with
increasing strain rate, thereby resulting in decreased tangent
modulus. Similarly, failure strain was inversely correlated with
Fig. 10. Comparison of modified hyperelastic models with experimental data to
predict the cumulative strain energy of the PU sample (a) Nine-parameter Mooney-
Rivlin; and (b) Three-parameter Ogden models.
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strain rate. Comprehensively, the enhancement in Young’s
modulus and all stresses were exhibited with increasing strain
rates by analyzing the change in stress–strain profiles. A dramatic
transition from ‘‘rubbery” to ‘‘leathery” features of elastomeric PU
was observed with strain rate.

Strain energy density was computed by integrating the area
underneath the stress–strain curve. As shown in Fig. 3(b), the
strain energy density increased with increasing strain rates. Con-
sequently, the material absorbed a high quantity of energy
before its failure under high strain rate conditions. In particular,
enhancement in the cumulative strain energy was shown under
both resilience and toughness modulus characteristics. This find-
ing signified the importance of studying the influence of strain
rate on strain energy density, which was the pre-requirement
for modeling constitutive equations in this study. Considering
the inclusive behavior, the PU could be defined as a material
that is hyper-viscoelastic. A detailed discussion on the experi-
mental study is documented in a subsequent publication by
the authors. The tensile mechanical properties of the tested PU
are provided in Table 2.
Fig. 11. Comparison of modified hyperelastic models with experimental data to
predict the cumulative strain energy with experimental data reported by Mohotti
et al. [23] (a) Nine-parameter Mooney-Rivlin; and (b) Three-parameter Ogden
models.
5. Material models

5.1. Tensile characteristics

The DIF of each mechanical tensile property of the PU under dif-
ferent strain levels was calculated by taking the ratio between the
particular property and the material property at reference strain
rate level, which was 0.001 s�1 in this study. From the results pre-
sented in Table 1, the DIF values for the main tensile properties
were plotted against strain rates, as shown in Fig. 4(a–h). From
the analysis, the correlation between DIF and strain rates was
established using the three viscoplastic and viscoelastic models
discussed, namely, Cowper–Symonds, Johnson–Cook, and the pro-
posed model. As shown in Fig. 4(a, b, d, e, g, and h), clear increases
in Young’s modulus, yield stress, ultimate tensile stress, failure
stress, resilience modulus, and toughness modulus were observed
with increasing strain rate. This behavior evidently emphasized a
significant enhancement in tensile mechanical properties with
increasing strain rates. Accordingly, strain rate-dependent material
constitutive models are necessary to characterize the behavior of
elastomeric materials under varying strain rates. The existing
Fig. 12. Comparison of original hyperelastic model with experimental data to
predict the stress–strain behaviour of the PU sample (a) Nine-parameter Mooney-
Rivlin; and (b) Three-parameter Ogden models.



Table 5
The material model parameter of each viscoplastic and viscoelastic models for the
true stress enhancement.

Cowper-Symonds
model

Johnson-Cook model Proposed model

D q C A B

0.0554 1.5421 0.3141 15.88698 2.0722

Fig. 14. Comparison of different viscoplastic and viscoelastic models with the true
stress enhancement.

Fig. 13. Comparison of different viscoplastic and viscoelastic models with the true
stress enhancement under different strain levels, (a) Cowper-Symonds; (b) John-
son-Cook; and (c) proposed models.
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hyper-elastic models that incorporate strain rate effects should
also be modified. However, tangent modulus and failure strain
decreased, as shown in Fig. 4(c) and (f). The effect of the decrement
in these properties on the rate-dependent material models is dis-
cussed in the subsequent section.

The coefficients of each viscoelastic models for the DIF of each
tensile material property, as obtained based on the experimental
findings, are provided in Table 2. The variation in the tangent mod-
ulus and failure strain was represented using the modified Cow-
per–Symonds, the modified proposed models, and the original
Johnson–Cook model. The coefficient of determination, R2,
obtained for each tensile property from the linear correlation of
each viscoplastic and viscoelastic model is indicated in Table 3.
As shown in Fig. 4(a)–(h) and in Table 3, the proposed viscoelastic
model exhibited the best representation of the DIF–strain rate rela-
tionship for all tensile characteristics, except tangent modulus. All
the three models were further used to evaluate the accuracy of
hyper-viscoelastic models, as stated in Section 2.2.
5.2. Cumulative strain energy models

The main focus was on the strain energy absorption capacity
throughout the tensile deformation process in this study. As
observed in the previous section, the strain energy density of the
tested PU exhibited rate dependency during the elastic, plastic
limit, and failure processes. This behavior was shown in the results
presented in Fig. 4(g) and (h), which depict a clear enhancement in
the energy absorption capacity with DIFs of 3.35 and 1.31 for resi-
lience modulus and toughness modulus, respectively, from the
strain rate of 0.001–0.33 s�1. This result emphasized the require-
ment for materials that are suitable for dynamic applications that
absorb more energy under high strain rate conditions than under
low strain rate conditions. This behavior also contributed posi-
tively to the application of protective coatings for high-impulsive
applications by reducing material consumption. Therefore, the
use of hyper-viscoelastic material models is important to predict
material behavior under varying strain rate conditions.
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The material constants of the nine-parameter Mooney–Rivlin
and the three-parameter Ogden models were determined using
the experimental data under each strain rate via the curve-fitting
method. As shown in Fig. 5, the accuracy of the fitted parameters
was checked by plotting the cumulative energy versus strain
graphs for each strain rate level tested and compared with the
experimental results. Fig. 5 shows that the curve-fitting results of
both the Mooney–Rivlin and Ogden models are in good agreement
with the experimental data. This finding confirmed the suitability
of these models to represent the non-linear behavior of elastomeric
materials. However, the original Mooney–Rivlin and Ogden models
were rate-insensitive and could not predict the strain rate effect
accurately. During dynamic loading conditions, materials undergo
different strain rate conditions and strain rate changes with time.
Therefore, an analysis with a rate-insensitive constitutive model,
which the material behavior defined at a certain strain rate level,
can provide inaccurate outcomes.

The hyper-elastic term of the hyper-viscoelastic material
models could be derived by investigating simple tension or
compression behavior at a predefined strain rate. This predefined
strain rate would be considered the reference strain rate in the
hyper-viscoelastic material models. 0.001 s�1 was regarded as the
Fig. 15. Comparison of modified Cowper-Symonds hyperelastic models with
experimental data to predict the true stress of the PU sample (a) Nine-parameter
Mooney-Rivlin; and (b) Three-parameter Ogden models.
reference strain rate in this study. Fig. 6 plots the cumulative strain
energy enhancement with the three viscoplastic and viscoelastic
models for five different strain levels independently under varying
strain rates. The cumulative strain energy enhancement under dif-
ferent strain levels was nearly equal and could be defined with one
viscoplastic or viscoelastic model for all strain levels. Thus, the
strain energy enhancement was defined by one constitutive equa-
tion for each viscoplastic and viscoelastic model. The models are
plotted in Fig. 7. The material model parameter of each viscoplastic
and viscoelastic model for DIF was derived by considering the ref-
erence strain rate as 0.001 s�1, as provided in Table 4. The coeffi-
cients of determination, R2, obtained for each viscoplastic and
viscoelastic model from the linear correlation were 0.9542,
0.8216, and 0.9748 for the Cowper–Symonds, Johnson–Cook, and
proposed viscoelastic models, respectively. As shown in Fig. 7
and from the coefficients of determination, the proposed viscoelas-
tic model showed the best representation of the DIF–strain rate
relationship of cumulative strain energy.

The obtained hyper-elastic material models were also used to
predict the material behavior at other strain rates, which were used
in the experimental analysis and compared with the experimental
results, as presented in Figs. 8–10. The hyper-viscoelastic models
Fig. 16. Comparison of modified Johnson-Cook hyperelastic models with experi-
mental data to predict the true stress of the PU sample (a) Nine-parameter Mooney-
Rivlin; and (b) Three-parameter Ogden models.
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formed with the proposed viscoelastic model agree with the exper-
imental results over the strain rate regime considered in this study.
The hyper-viscoelastic models formed with the Cowper–Symonds
showed slight over estimation at higher strain rate levels, and sub-
sequently the hyper-viscoelastic models formed with Johnson–
Cook model showed under estimation at higher strain rate level.
The hyper-viscoelastic models formed with the proposed viscoelas-
tic model exhibited best capability of predicting material behavior
with the strain rate effect of elastomeric PU or similar materials. In
addition, these models would be suitable to modify the rate-
insensitive material models encoded in the FE model (FEM) codes
by incorporating the strain rate parameter into the existing codes.
In addition, the hyper-viscoelastic strain energy models formed
with the proposed viscoelastic model were further verified with
the experimental results reported by Mohotti et al. [23] on elas-
tomeric polyurea, as given in Fig. 11. The proposed model predic-
tion shows good agreement with the experimental data.
5.3. Stress–strain models

All stresses showed rate dependency throughout the entire
deformation, as reported earlier. Figs. 3(a) and 4(b, d, and e)
Fig. 17. Comparison of modified hyperelastic models with experimental data to
predict the true stress of the PU sample (a) Nine-parameter Mooney-Rivlin; and (b)
Three-parameter Ogden models.
provide evidence for this behavior, which depict clear enhance-
ments in the stresses with DIFs of 3.88, 2.08, and 2.25 for yield
stress, ultimate tensile stress, and failure stress, respectively, from
the strain rates of 0.001–0.33 s�1. The material stiffened under
higher strain-rate condition and failed at high stresses, which were
an ideal characteristic for applying protective coatings for highly
impulsive applications. As shown in Fig. 12, the parameters
obtained in the previous section were used to plot the true stress
versus true strain graphs for different strain rate levels tested
and compared with the experimental results. Fig. 12 shows that
the curve-fitting results of both the Mooney–Rivlin and Ogden
models are in good agreement with the experimental data.
Fig. 13 plots the tensile stress enhancement with the each vis-
coplastic and viscoelastic models for five different strain levels
independently under varying strain rates. The stress enhancement
under different strain levels was nearly equal and could be defined
with one viscoplastic or viscoelastic model for all strain levels sim-
ilar to the cumulative strain energy. Hence, the stress enhance-
ment was defined using one constitutive equation for each
viscoplastic and viscoelastic model. The models are plotted in
Fig. 14. The material model parameter of each viscoplastic and vis-
coelastic model for DIF was derived, as provided in Table 5. The
coefficients of determination, R2, obtained for each viscoplastic
Fig. 18. Comparison of modified hyperelastic models with experimental data to
predict the true stress with experimental data reported by Mohotti et al. [23] (a)
Nine-parameter Mooney-Rivlin; and (b) Three-parameter Ogden models.
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and viscoelastic model from the linear correlation were 0.9496,
0.7875, and 0.9653 for the Cowper–Symonds, Johnson–Cook, and
proposed viscoelastic models, respectively. Fig. 14 and the coeffi-
cients of determination validated that the proposed viscoelastic
model was the best representation of the DIF–strain rate relation-
ship of true stress.

In Figs. 15–17, analytical curves are plotted using the obtained
hyper-viscoelastic material models at other strain rates and com-
pared with the experimental results. Similar to that observed in
the cumulative strain energy models, the hyper-viscoelastic
stress–strain models formed with the Cowper–Symonds model
showed slight over estimation at higher strain rate levels. The
hyper-viscoelastic stress–strain models formed with Johnson–
Cook model showed under estimation at higher strain rate level
and over estimation at lower strain rate level. The hyper-
viscoelastic stress–strain models formed with the proposed vis-
coelastic model showed the best prediction with the experimental
results over the strain rate regime considered in this study. The
hyper-viscoelastic stress–strain models formed with the proposed
viscoelastic model were further verified with the experimental
results reported by Mohotti et al. [23] on elastomeric polyurea,
as given in Fig. 18. The proposed model prediction shows good
agreement with the experimental data.
6. Conclusions

A novel viscoelastic and hyper-viscoelastic constitutive models
were developed and validate in this study using the experimental
findings of the dynamic tensile properties of a PU sample under
varying strain rates (0.001–0.33 s�1). The stress–strain behavior
of the PU sample over the tested strain regimes was considerably
non-linear, and were highly rate dependent. A dramatic transition
in its mechanical behavior was exhibited, from rubbery to leathery
behavior, with increasing strain rates. One of the crucial findings of
this study was that the proposed viscoelastic model showed the
best correlation to represent the enhancement of the mechanical
properties under varying strain rate conditions compared with
the Cowper–Symonds and Johnson–Cook models. The original
Mooney–Rivlin and Ogden models accurately presented the behav-
ior of the PU material at varying strain rates with different sets of
model parameters that were derived individually for each strain
rate. The proposed hyper-viscoelastic models by incorporating
the viscoelastic models mentioned above into those hyper-elastic
models were used to predict the rate-dependent non-linear behav-
ior of the PU sample. These proposed hyper-viscoelastic models
could be used to predict the material behavior using only one set
of hyper-elastic model parameters at a certain strain rate, in com-
bination with the viscoelastic model parameters. The hyper-
viscoelastic cumulative strain energy and stress–strain models
developed with the proposed viscoelastic model showed high
capability of predicting the material behavior with the strain rate
effect of elastomeric PU or similar materials. These models would
be suitable to modify the rate-insensitive material models encoded
in FEM codes by incorporating the strain rate parameter into the
existing codes. Furthermore, the hyper-viscoelastic strain energy
models developed with the proposed viscoelastic model were ver-
ified with the experimental results on elastomeric polyurea
reported in the literature and showed good agreement with the
experimental data.
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