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A B S T R A C T

This study investigates the solitary wave solutions to the defocusing nonlinear Schrödinger equation, which is
known as Camassa–Holm-Nonlinear Schrödinger (CH-NLS) equation. The CH-NLS equation is newly derived
in the sense of deformation of hierarchies structure of integrable systems. By implementing three different
techniques, namely, the generalized (𝐺′∕𝐺)-expansion method, the new mapping method, and the modified
simple equation method, the CH-NLS equation is solved analytically to find the exact solutions. As a result,
various types of solitons such as dark, singular, and periodic solutions are obtained. The behaviors of some
exact solutions are presented by figures.
–

1. Introduction

The study on deformations of integrable equations has been a great
interest since it produces many significant models. For example, the
deformation structure of the Korteweg–de Vries (KdV) equation leads
to the Camassa–Holm (CH) equation as

𝑚𝑡 + 2𝑚𝑢𝑥 + 𝑚𝑥𝑢 = 0, 𝑚 = 𝑢 − 𝑎2𝑢𝑥𝑥, (1)

which is an integrable equation originally derived in the sense of
water waves [1]. This model has been considered as much interest
since its soliton solutions [2] and some mathematical properties [3,4].
Consequently, many authors started to find the solitary wave solutions
of CH-equation by using various techniques [5–7].

Very recently, the deformation of nonlinear Schrödinger equation,
i.e., the CH-NLS equation was derived by Arnaudon [8,9] when extend-
ing the structure of deformation of hierarchies of integrable method.
The form of the CH-NLS equation as follows:

𝑖𝑚𝑡 + 𝑢𝑥𝑥 + 2𝜎𝑚(|𝑢|2 − 𝑎2|𝑢𝑥|
2) = 0, 𝑚 = 𝑢 − 𝑎2𝑢𝑥𝑥, (2)

were, 𝜎 = ±1, and 𝑎 is a constant. For instant, if we choose 𝑎 = 0 the
above equation becomes the well known cubic NLS equation as follows:

𝑖𝑢𝑡 + 𝑢𝑥𝑥 + 2𝜎|𝑢|2𝑢 = 0. (3)

The standard form of CH-NLS equation is given for a complex field
𝑢(𝑥, 𝑡) by [10]:

𝑖𝑢𝑡+𝑢𝑥𝑥+2𝜎𝑢|𝑢|
2−𝑖𝑎2𝑢𝑥𝑥𝑡−2𝜎𝑎2𝑢|𝑢𝑥|

2−2𝜎𝑎2𝑢𝑥𝑥|𝑢|
2+2𝜎𝑎4𝑢𝑥𝑥|𝑢𝑥|

2 = 0. (4)

In [10], asymptotic multiscale expansion method is applied to reduce
Eq. (4) to a Boussinesq model and then approximate by the couple of
Korteweg–de Vries (KdV) equations. The solitary wave solution of the
famous KdV equation is used to find approximate analytical solutions of
the CH-NLS equation. Further, numerical simulations are used to study
the validity of the approximate solutions and illustrate their dynamical
evolution. However, as far as we know, there is no study involved to
find the exact solution of the CH-NLS equation. The central aim of the
present study is to find the exact solitons and other kinds of solutions to
the CH-NLS equation. In generally, nonlinear Schrödinger equation pro-
vides two different types of soliton solutions, namely bright soliton and
dark soliton. In the context of nonlinear optics, dark solitons are con-
structed as topological optical solitons. In recent years, studies of the
optical solitons have been increasing rapidly [11–14] due to the various
applications in communication, imaging, medical diagnosis, etc.

Finding the explicit and exact solutions to the nonlinear type of
partial differential equations (PDEs) are significant role in many area
of Mathematical physics. In recent years, several new technique for
finding these exact solutions have been implemented, for example, the
tanh–sech method [15,16], the sine–cosine method, [17,18], the homo-
geneous balance method [19], the Decomposition method [20,21] the
Jacobi elliptic function method [22,23], the F-expansion method [24,
25], the exp-function method [26,27], the (𝐺′∕𝐺) expansion method [28
31], the new approach of generalized (𝐺′∕𝐺) expansion method [32,
33], the new mapping method [34,35], the modified simple equation
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method [36–39], the Hirota method [40,41], the Darboux transfor-
mation method [42,43], the Hirota bilinear method [44,45] and so
on.

The paper aims to apply the new approach of generalized (𝐺′∕𝐺)-
expansion method, the new mapping method, and the modified simple
equation method to find the exact soliton solution of CH-NLS equation.
This manuscript is structured as follows: In the next Section, we de-
scribe the mathematical analysis of Eq. (4). In Sections 3–5, Eq. (4)
is solved by using three various technique as mentioned above. The
graphs of solitary wave solutions are presented in Section 6. Finally,
concluding remarks are given in Section 7.

2. Mathematical analysis of the model

As indicated above, our central aim is to determine exact soliton
solutions of the CH-NLS equation. Since 𝑢(𝑥, 𝑡) in Eq. (4) is a complex-
valued function we consider the traveling wave solution of the form

𝑢(𝑥, 𝑡) = 𝜙(𝜉)𝑒𝐼(𝐾𝑥−𝛺𝑡) 𝜉 = 𝜔𝑥 − 𝑐𝑡, (5)

where 𝜙(𝜉) is a real function, 𝐾,𝛺,𝜔 and 𝑐 are real constants to be
determined later. By substituting (5) into Eq. (4) and splitting the real
and imaginary parts, we have the following couple nonlinear ordinary
differential equations:

𝜙(𝜉)
(

𝛺 +𝐾2 (−1 + 𝑎2𝛺
)

− 2
(

−1 + 𝑎4𝐾4) 𝜎𝜙(𝜉)2

−2𝑎2
(

1 + 𝑎2𝐾2) 𝜎𝜔2𝜙′(𝜉)2
)

+

𝜔
(

𝜔 − 𝑎2(2𝑐𝐾 + 𝜔𝛺) + 2𝑎2
(

−1 + 𝑎2𝐾2) 𝜎𝜔𝜙(𝜉)2

+2𝑎4𝜎𝜔3𝜙′(𝜉)2
)

𝜙′′(𝜉) = 0, (6)

and

−
(

𝑐 + 𝑎2𝑐𝐾2 + 2𝐾𝜔
(

−1 + 𝑎2𝛺
)

− 4𝑎2𝐾
(

−1 + 𝑎2𝐾2) 𝜎𝜔𝜙(𝜉)2
)

𝜙′(𝜉)+

4𝑎4𝐾𝜎𝜔3𝜙′(𝜉)3 + 𝑎2𝑐𝜔2𝜙(3)(𝜉) = 0,
(7)

where prime meaning the differentiation with respect to 𝜉. Multiplying
Eqs. (6) and (7) by 𝜙′(𝜉) and 𝜙(𝜉) respectively and adding together, we
get:

2𝜎
(

1 − 𝑎4𝐾3(𝐾 − 2𝜔) − 2𝑎2𝐾𝜔
)

𝜙(𝜉)3𝜙′(𝜉)

+ 2𝑎2
(

𝑎2𝐾2 − 1
)

𝜎𝜔2𝜙(𝜉)2𝜙′(𝜉)𝜙′′(𝜉)+

𝜔
(

𝜔 − 𝑎2(2𝑐𝐾 + 𝜔𝛺)
)

𝜙′(𝜉)𝜙′′(𝜉) + 2𝑎4𝜎𝜔4𝜙′(𝜉)3𝜙′′(𝜉)

− 2𝑎2𝜎
(

1 + 𝑎2𝐾(𝐾 − 2𝜔)
)

𝜔2𝜙(𝜉)𝜙′(𝜉)3

−
(

𝑐 + 𝑎2𝑐𝜔2 −𝛺 + 𝜔2 (𝑎2𝛺 − 1
))

𝜙(𝜉)𝜙′(𝜉) + 𝑎2𝑐𝜔2𝜙(𝜉)𝜙(3)(𝜉) = 0 (8)

Integrating Eq. (8) once, with respect to 𝜉 and considering 𝐾 = 𝜔, we
get

𝑏0𝜙(𝜉)𝜙′′(𝜉)+𝑏1𝜙(𝜉)2+𝑏2𝜙(𝜉)4+𝑏3𝜙′(𝜉)2+𝑏4𝜙(𝜉)2𝜙′(𝜉)2+𝑏5𝜙′(𝜉)4+𝑏6 = 0,

(9)

where the constants 𝑏0, 𝑏1, 𝑏2, 𝑏3, 𝑏4, and 𝑏5 are given by

𝑏0 = 𝑎2𝑐𝜔2,

𝑏1 = −1
2
(

𝑐 + 𝑎2𝑐𝜔2 −𝛺 + 𝜔2 (𝑎2𝛺 − 1
))

,

𝑏2 =
1
2
𝜎
(

𝑎2𝜔2 − 1
)2 ,

𝑏3 = −1
2
𝜔2 (𝑎2(3𝑐 +𝛺) − 1

)

,

𝑏4 = 𝑎2𝜎𝜔2 (𝑎2𝜔2 − 1
)

,

𝑏5 =
1
2
𝑎4𝜎𝜔4,

and 𝑏6 is integrating constant. First, taking the homogeneous balance
between 𝜙(𝜉)𝜙′′(𝜉) and 𝜙′(𝜉)4 yields 𝑁 = −1, which is not a positive
integer. Following [16], we consider the transformation

𝜙(𝜉) = 1 , (10)
2

𝜓(𝜉)
where 𝜓(𝜉) is a real function on 𝜉. By Substituting (10) into (9), we
obtain a new equation as follows

− 𝑏0𝜓(𝜉)5𝜓 ′′(𝜉) + 𝑏1𝜓(𝜉)6 + 𝑏2𝜓(𝜉)4 + (𝑏3 + 2𝑏0)𝜓(𝜉)4𝜓 ′(𝜉)2

+ 𝑏4𝜓(𝜉)2𝜓 ′(𝜉)2 + 𝑏5𝜓 ′(𝜉)4 + 𝑏6𝜓(𝜉)8 = 0. (11)

ow, our aim is to solve Eq. (11) for 𝑎 ≠ 0 using three different
echnique as mentioned above.

. Soliton solutions of CH-NLS equation through the generalized
𝑮′∕𝑮)-expansion method

Taking the homogeneous balance of 𝜓(𝜉)5𝜓 ′′(𝜉) and 𝜓(𝜉)8 in Eq.
11), we obtain 𝑁 = 1. According to the new approach of generalized
𝐺′∕𝐺) expansion method [32,33], the solution of Eq. (11) is of the
orm:

(𝜉) = 𝛼−1(𝑑 + 𝐺′∕𝐺)−1 + 𝛼0 + 𝛼1(𝑑 + 𝐺′∕𝐺), (12)

where the constants 𝛼−1, 𝛼0, 𝛼1 and 𝑑 are to be determined later and
𝐺(𝜉) satisfied the following equation:

𝜅𝐺(𝜉)𝐺′′(𝜉) − 𝜆𝐺(𝜉)𝐺′(𝜉) − 𝜇𝐺(𝜉)2 − 𝜈𝐺′(𝜉)2 = 0. (13)

Substitute Eq. (12) together with Eq. (13) into Eq. (11). Then, we take
each coefficient of (𝐺′∕𝐺)𝑁 and setting them to zero, yields a system
of algebraic equations for the possible choice of 𝛼−1 = 𝛼0 = 𝜆 = 0 as
follows:

[𝐺′∕𝐺]0 ∶ 𝜇 + 𝑑2(−𝜅 + 𝜈) = 0,

[𝐺′∕𝐺]1 ∶ 8𝑑
(

−𝜇 + 𝑑2(𝜅 − 𝜈)
)3 (𝜅 − 𝜈)𝑏5𝛼41 = 0,

[𝐺′∕𝐺]2 ∶
(

𝜇 + 𝑑2(−𝜅 + 𝜈)
)2 (𝜅2𝑏4 − 4

(

𝜇 − 7𝑑2(𝜅 − 𝜈)
)

(𝜅 − 𝜈)𝑏5
)

𝛼41 = 0,

[𝐺′∕𝐺]3 ∶ 4𝑑
(

−𝜇 + 𝑑2(𝜅 − 𝜈)
)

(𝜅 − 𝜈)
(

𝜅2𝑏4 + 2 (−3𝜇

+7𝑑2(𝜅 − 𝜈)
)

(𝜅 − 𝜈)𝑏5
)

𝛼41 = 0,

[𝐺′∕𝐺]4 ∶ 𝛼41
(

𝜅4𝑏2 + 2(𝜅 − 𝜈)
(

𝜅2
(

−𝜇 + 3𝑑2(𝜅 − 𝜈)
)

𝑏4

+ (𝜅 − 𝜈)
(

3𝜇2 + 35𝑑4(𝜅 − 𝜈)2

+30𝑑2𝜇(−𝜅 + 𝜈)
)

𝑏5
)

+ 𝜅2
(

𝜇 + 𝑑2(−𝜅 + 𝜈)
)2 (2𝑏0 + 𝑏3

)

𝛼21
)

= 0,

[𝐺′∕𝐺]5 ∶ 2𝑑(𝜅 − 𝜈)𝛼41
(

2𝜅2(𝜅 − 𝜈)𝑏4 + 4
(

−3𝜇 + 7𝑑2(𝜅 − 𝜈)
)

(𝜅 − 𝜈)2𝑏5

+𝜅2
(

−𝜇 + 𝑑2(𝜅 − 𝜈)
) (

3𝑏0 + 2𝑏3
)

𝛼21
)

= 0,

[𝐺′∕𝐺]6 ∶ 𝛼41
(

𝜅2(𝜅 − 𝜈)2𝑏4 − 4
(

𝜇 − 7𝑑2(𝜅 − 𝜈)
)

(𝜅 − 𝜈)3𝑏5

+ 𝜅2
(

−2
(

𝜇 − 3𝑑2(𝜅 − 𝜈)
)

(𝜅 − 𝜈)𝑏0

+𝜅2𝑏1 − 2
(

𝜇 − 3𝑑2(𝜅 − 𝜈)
)

(𝜅 − 𝜈)𝑏3
)

𝛼21
)

= 0,

[𝐺′∕𝐺]7 ∶ 2𝑑(𝜅 − 𝜈)2𝛼41
(

4(𝜅 − 𝜈)2𝑏5 + 𝜅2
(

𝑏0 + 2𝑏3
)

𝛼21
)

= 0,

[𝐺′∕𝐺]8 ∶ 𝛼41
(

(𝜅 − 𝜈)4𝑏5 + 𝜅2𝛼21
(

(𝜅 − 𝜈)2𝑏3 + 𝜅2𝑏6𝛼21
))

= 0. (14)

By solving the above algebraic equations with the use of Mathematica
software, we have the following result:

𝜇 = −𝑑2(−𝜅 + 𝜈), 𝛼1 =
2(𝜅 − 𝜈)

𝜅

√

𝑏5
(

−𝑏0 − 2𝑏3
) , 𝑑 = 𝜅

2(𝜅 − 𝜈)

√

−
𝑏4
2𝑏5

,

𝑏1 = −
𝑏3𝑏4
2𝑏5

, 𝑏2 =
𝑏24
4𝑏5

, 𝑏6 =
−𝑏20 + 4𝑏23

16𝑏5
, (15)

By substituting Eq. (15) into Eq. (12), together with Eq. (10), we obtain

𝜙(𝜉) =

{

2(𝜅 − 𝜈)
𝜅

√

𝑏5
(

−𝑏0 − 2𝑏3
)

[

𝜅
2(𝜅 − 𝜈)

√

−
𝑏4
2𝑏5

+ (𝐺′∕𝐺)

]}−1

.

(16)
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With reference to [32,33], two types of traveling wave solutions are
obtained of the Eq. (2) as follows:

Type 1. If 𝜆 = 0, (𝜅−𝜈)𝜇 > 0 ⇒ − 𝑏4
2𝑏5

> 0, then we obtain the hyperbolic
olution of Eq. (2):

(𝑥, 𝑡) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

√

𝑏4
2
(

𝑏0 + 2𝑏3
)

×

⎡

⎢

⎢

⎢

⎣

1 +
𝑐1sinh

(

𝜅
(𝜅−𝜈)

√

− 𝑏4
2𝑏5

𝜉
2

)

+ 𝑐2cosh
(

𝜅
(𝜅−𝜈)

√

− 𝑏4
2𝑏5

𝜉
2

)

𝑐1cosh
(

𝜅
(𝜅−𝜈)

√

− 𝑏4
2𝑏5

𝜉
2

)

+ 𝑐2sinh
(

𝜅
(𝜅−𝜈)

√

− 𝑏4
2𝑏5

𝜉
2

)

⎤

⎥

⎥

⎥

⎦

⎫

⎪

⎪

⎬

⎪

⎪

⎭

−1

𝑒𝐼(𝜔𝑥−𝛺𝑡),

(17)

where 𝜉 = 𝜔𝑥 −
(

1
2𝑎2 + 𝛺−𝑎2𝜔2𝛺

−1+2𝑎2𝜔2

)

𝑡, and 𝑐1 and 𝑐2 are constants.
In particular, if we choose ‘‘𝑐1 ≠ 0, 𝑐2 = 0’’ in (17), then we obtain

the dark solitary wave solutions to Eq. (2) as:

𝑢(𝑥, 𝑡) =

{√

𝑏4
2
(

𝑏0 + 2𝑏3
)

[

1 + tanh
(

𝜅
(𝜅 − 𝜈)

√

−
𝑏4
2𝑏5

𝜉
2

)]}−1

𝑒𝐼(𝜔𝑥−𝛺𝑡).

(18)

If we choose ‘‘𝑐1 = 0, 𝑐2 ≠ 0’’ in (17), then we obtain the singular solitary
ave solution to Eq. (2) as:

(𝑥, 𝑡) =

{√

𝑏4
2
(

𝑏0 + 2𝑏3
)

[

1 + coth
(

𝜅
(𝜅 − 𝜈)

√

−
𝑏4
2𝑏5

𝜉
2

)]}−1

𝑒𝐼(𝜔𝑥−𝛺𝑡).

(19)

ype 2. If 𝜆 = 0, (𝜅 − 𝜈)𝜇 < 0 ⇒ − 𝑏4
2𝑏5

< 0, we find the trigonometric
solution of Eq. (2) as follows:

𝑢(𝑥, 𝑡) =

⎧

⎪

⎨

⎪

⎩

√

−
𝑏4

2
(

𝑏0 + 2𝑏3
)

×

⎡

⎢

⎢

⎢

⎣

1 +
𝑐1sin

(

𝜅
(𝜅−𝜈)

√

𝑏4
2𝑏5

𝜉
2

)

+ 𝑐2cos
(

𝜅
(𝜅−𝜈)

√

𝑏4
2𝑏5

𝜉
2

)

𝑐1cos
(

𝜅
(𝜅−𝜈)

√

𝑏4
2𝑏5

𝜉
2

)

+ 𝑐2sin
(

𝜅
(𝜅−𝜈)

√

𝑏4
2𝑏5

𝜉
2

)

⎤

⎥

⎥

⎥

⎦

⎫

⎪

⎬

⎪

⎭

−1

𝑒𝐼(𝜔𝑥−𝛺𝑡),

(20)

where 𝜉 = 𝜔𝑥 −
(

1
2𝑎2 + 𝛺−𝑎2𝜔2𝛺

−1+2𝑎2𝜔2

)

𝑡, and 𝑐1 and 𝑐2 are constants.
Again, for a specific choice, if we set ‘‘𝑐1 ≠ 0, 𝑐2 = 0’’ or ‘‘𝑐1 = 0, 𝑐2 ≠

0’’ in (20), then we obtain the periodic solitary wave solutions to Eq. (2)
as:

𝑢(𝑥, 𝑡) =

{√

−
𝑏4

2
(

𝑏0 + 2𝑏3
)

[

1 + tan
(

𝜅
(𝜅 − 𝜈)

√

𝑏4
2𝑏5

𝜉
2

)]}−1

𝑒𝐼(𝜔𝑥−𝛺𝑡),

(21)

𝑢(𝑥, 𝑡) =

{√

−
𝑏4

2
(

𝑏0 + 2𝑏3
)

[

1 + cot
(

𝜅
(𝜅 − 𝜈)

√

𝑏4
2𝑏5

𝜉
2

)]}−1

𝑒𝐼(𝜔𝑥−𝛺𝑡).

(22)

4. Soliton solutions of CH-NLS equation through the new mapping
method

Balancing 𝜓(𝜉)2𝜓 ′(𝜉)2 with 𝜓(𝜉)5𝜓 ′′(𝜉) in Eq. (11), give up the
homogeneous balance number 𝑁 = 1. Based on the new mapping
method [34,35], we take the solution of form:

𝜓(𝜉) = 𝛼 + 𝛼 𝐹 (𝜉) + 𝛼 𝐹 2(𝜉), (23)
3

0 1 2
where the constants 𝛼0, 𝛼1 and 𝛼2 ≠ 0 are to be determined later. The
new function 𝐹 (𝜉) satisfies the following ODE:
𝐹 ′2(𝜉) = 𝑟 + 𝑝𝐹 2(𝜉) +

𝑞
2
𝐹 4(𝜉) + 𝑠

3
𝐹 6(𝜉), (24)

here 𝑟, 𝑝, 𝑞, and 𝑠 ≠ 0 are constants. By substituting (23) together with
24) into Eq. (4) and take the coefficients of each power 𝐹 𝑖(𝜉)(𝐹 ′(𝜉))𝑗 .
y setting these coefficients to be zero, we have a set of algebraic
quations for the possible choice of 𝛼0 = 𝛼1 = 0 as follows:

𝐹 4(𝜉) ∶ 16𝑟2𝑏5𝛼42 = 0,

𝐹 6(𝜉) ∶ 4𝑟
(

𝑏4 + 8𝑝𝑏5
)

𝛼42 = 0,

𝐹 8(𝜉) ∶
(

𝑏2 + 4
(

𝑝𝑏4 + 4
(

𝑝2 + 𝑞𝑟
)

𝑏5
))

𝛼42 = 0,
10(𝜉) ∶ 2

3
𝛼42

(

3𝑞𝑏4 + 8(3𝑝𝑞 + 2𝑟𝑠)𝑏5 + 3𝑟
(

3𝑏0 + 2𝑏3
)

𝛼22
)

= 0,

12(𝜉) ∶ 1
3
𝛼42

(

4𝑠𝑏4 + 4
(

3𝑞2 + 8𝑝𝑠
)

𝑏5 + 3
(

4𝑝𝑏0 + 𝑏1 + 4𝑝𝑏3
)

𝛼22
)

= 0,

14(𝜉) ∶ 16
3
𝑞𝑠𝑏5𝛼

4
2 + 𝑞

(

𝑏0 + 2𝑏3
)

𝛼62 = 0,

𝐹 16(𝜉) ∶ 16
9
𝑠2𝑏5𝛼

4
2 +

4
3
𝑠𝑏3𝛼

6
2 + 𝑏6𝛼

8
2 = 0, (25)

nd the other coefficients of powers of 𝐹 𝑖(𝜉) are equal to zero. Ac-
ording to Ref. [34,35], we have two types of solutions of the above
lgebraic equations as follows:
ype 1. Considering 𝑟 = 0, 𝑠 = 3𝑞2

16𝑝 and solving the algebraic equations
by Mathematica, we obtain the following result:

𝛼2 =
2
√

2𝑞𝑏5
√

(

𝑏0 + 2𝑏3
)

𝑏4
, 𝑝 = −

𝑏4
8𝑏5

, 𝑏1 = −
𝑏3𝑏4
2𝑏5

, 𝑏2 =
𝑏24
4𝑏5

, 𝑏6 =
−𝑏20 + 4𝑏23

16𝑏5
.

(26)

From (26), (23), and (10) with Ref. [34,35], we find the soliton
solutions of Eq. (2) as follows:

u(𝑥, 𝑡) =
{√

𝑏4
2
(

𝑏0 + 2𝑏3
)

[

1 + tanh
(

𝜖

√

−
𝑏4
8𝑏5

𝜉

)]}−1

𝑒𝐼(𝜔𝑥−𝛺𝑡),

(27)

(𝑥, 𝑡) =

{√

𝑏4
2
(

𝑏0 + 2𝑏3
)

[

1 + coth
(

𝜖

√

−
𝑏4
8𝑏5

𝜉

)]}−1

𝑒𝐼(𝜔𝑥−𝛺𝑡),

(28)

rovided that if 𝑝 = − 𝑏4
8𝑏5

> 0.
Type 2. Considering 𝑟 = 0 and solving the algebraic equations by using
Mathematica, we obtain the following result:

𝛼2 =
2
√

2𝑞𝑏5
√

(

𝑏0 + 2𝑏3
)

𝑏4
, 𝑝 = −

𝑏4
8𝑏5

, 𝑠 = −
3𝑞2𝑏5
2𝑏4

,

𝑏1 = −
𝑏3𝑏4
2𝑏5

, 𝑏2 =
𝑏24
4𝑏5

, 𝑏6 =
−𝑏20 + 4𝑏23

16𝑏5
. (29)

rom (29), (23), and (10) with Ref. [34,35], we find the exact solutions
f Eq. (2) as follows:

1. If 𝑝 = − 𝑏4
8𝑏5

> 0, then we obtain soliton solutions

u(𝑥, 𝑡) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

3𝑞2
√

𝑏4
2
(

𝑏0 + 2𝑏3
)

×

⎡

⎢

⎢

⎢

⎢

⎣

2sech2
(√

− 𝑏4
8𝑏5

𝜉
)

𝑏5

6𝑞2𝑏5 + 𝑠𝑏4

(

1 + 𝜖 tanh
(√

− 𝑏4
8𝑏5

𝜉
))2

⎤

⎥

⎥

⎥

⎥

⎦

⎫

⎪

⎪

⎬

⎪

⎪

⎭

−1

𝑒𝐼(𝜔𝑥−𝛺𝑡)
(30)
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Fig. 1. The graphics of solitary wave solutions 𝑢(𝑥, 𝑡) of Eqs. (18) and (19) with 𝑎 = 2, 𝜎 = 1, 𝜔 = 1, 𝛺 = 0.1..
Fig. 2. The graphics of solitary wave solutions 𝑢(𝑥, 𝑡) of Eqs. (21) and (22) with 𝑎 = 2, 𝜎 = 1, 𝜔 = 0.1, 𝛺 = 0.1..
Fig. 3. The graphics of soliton wave solutions 𝑢(𝑥, 𝑡) of Eqs. (34) and (35) with 𝑎 = 4, 𝜎 = 1, 𝜔 = 0.4, 𝛺 = 1..
u(𝑥, 𝑡) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

3𝑞2
√

𝑏4
2
(

𝑏0 + 2𝑏3
)

×

⎡

⎢

⎢

⎢

⎢

⎣

2csch2
(√

− 𝑏4
8𝑏5

𝜉
)

𝑏5

6𝑞2𝑏5 + 𝑠𝑏4

(

1 + 𝜖 coth
(√

− 𝑏4
8𝑏5

𝜉
))2

⎤

⎥

⎥

⎥

⎥

⎦

⎫

⎪

⎪

⎬

⎪

⎪

⎭

−1

𝑒𝐼(𝜔𝑥−𝛺𝑡)

(31)

2. If 𝑝 = − 𝑏4
8𝑏5

> 0, 𝑠 > 0 then we obtain soliton solutions

u(𝑥, 𝑡) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

3𝑞

√

𝑏4
2
(

𝑏0 + 2𝑏3
)

×

⎡

⎢

⎢

⎢

⎢

⎣

2sech2
(√

− 𝑏4
8𝑏5

𝜉
)

𝑏5

3𝑞 + 𝜖
√

− 6𝑠𝑏4
𝑏5

tanh
(√

− 𝑏4
8𝑏5

𝜉
)

⎤

⎥

⎥

⎥

⎥

⎦

⎫

⎪

⎪

⎬

⎪

⎪

−1

𝑒𝐼(𝜔𝑥−𝛺𝑡) (32)
4

⎭

u(𝑥, 𝑡) = −

⎧

⎪

⎪

⎨

⎪

⎪

⎩

3𝑞

√

𝑏4
2
(

𝑏0 + 2𝑏3
)

×

⎡

⎢

⎢

⎢

⎢

⎣

2csch2
(√

− 𝑏4
8𝑏5

𝜉
)

𝑏5

3𝑞 + 𝜖
√

− 6𝑠𝑏4
𝑏5

coth
(√

− 𝑏4
8𝑏5

𝜉
)

⎤

⎥

⎥

⎥

⎥

⎦

⎫

⎪

⎪

⎬

⎪

⎪

⎭

−1

𝑒𝐼(𝜔𝑥−𝛺𝑡) (33)

3. If 𝑝 = − 𝑏4
8𝑏5

< 0, 𝑠 > 0 then we obtain periodic solutions

u(𝑥, 𝑡) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

3𝑞

√

𝑏4
2
(

𝑏0 + 2𝑏3
)

×

⎡

⎢

⎢

⎢

⎢

⎣

2sec
(√

𝑏4
8𝑏5

𝜉
)

2𝑏5

3𝑞 + 𝜖
√

6𝑠𝑏4
𝑏5

tan
(√

𝑏4
8𝑏5

𝜉
)

⎤

⎥

⎥

⎥

⎥

⎦

⎫

⎪

⎪

⎬

⎪

⎪

−1

𝑒𝐼(𝜔𝑥−𝛺𝑡) (34)
⎭
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w
S
a
p

𝛹

𝛹

I

𝑏

𝑏

2

C

𝛹

h

𝑢

w

N
o

6

t
g
s
s
s

u(𝑥, 𝑡) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

3𝑞

√

𝑏4
2
(

𝑏0 + 2𝑏3
)

×

⎡

⎢

⎢

⎢

⎢

⎣

2csc
(√

𝑏4
8𝑏5

𝜉
)

2𝑏5

3𝑞 + 𝜖
√

6𝑠𝑏4
𝑏5

cot
(√

𝑏4
8𝑏5

𝜉
)

⎤

⎥

⎥

⎥

⎥

⎦

⎫

⎪

⎪

⎬

⎪

⎪

⎭

−1

𝑒𝐼(𝜔𝑥−𝛺𝑡) (35)

4. If 𝑝 = − 𝑏4
8𝑏5

> 0, 𝑞 < 0, 𝑠 < 0, 𝑀 > 0 then we obtain soliton
solution

u(𝑥, 𝑡) =
⎧

⎪

⎨

⎪

⎩

−3𝑞

√

2𝑏4
𝑏0 + 2𝑏3

⎡

⎢

⎢

⎢

⎣

1

−3𝑞 +
√

𝑀 Cosh
(

2𝜖
√

− 𝑏4
8𝑏5

𝜉
)

⎤

⎥

⎥

⎥

⎦

⎫

⎪

⎬

⎪

⎭

−1

𝑒𝐼(𝜔𝑥−𝛺𝑡)

(36)

5. If 𝑝 = − 𝑏4
8𝑏5

< 0, 𝑞 > 0, 𝑠 < 0, 𝑀 > 0 then we obtain soliton
solution

u(𝑥, 𝑡) =
⎧

⎪

⎨

⎪

⎩

3𝑞

√

2𝑏4
𝑏0 + 2𝑏3

⎡

⎢

⎢

⎢

⎣

1

3𝑞 +
√

𝑀 cosh
(

2𝜖
√

𝑏4
8𝑏5

𝜉
)

⎤

⎥

⎥

⎥

⎦

⎫

⎪

⎬

⎪

⎭

−1

𝑒𝐼(𝜔𝑥−𝛺𝑡)

(37)

6. If 𝑝 = − 𝑏4
8𝑏5

> 0, 𝑀 > 0, then we obtain soliton solutions

u(𝑥, 𝑡) =
⎧

⎪

⎨

⎪

⎩

−3𝑞

√

2𝑏4
𝑏0 + 2𝑏3

⎡

⎢

⎢

⎢

⎣

1

−3𝑞 + 𝜖
√

𝑀 cosh
(

2
√

− 𝑏4
8𝑏5

𝜉
)

⎤

⎥

⎥

⎥

⎦

⎫

⎪

⎬

⎪

⎭

−1

𝑒𝐼(𝜔𝑥−𝛺𝑡)

(38)

u(𝑥, 𝑡) =
⎧

⎪

⎨

⎪

⎩

−3𝑞

√

2𝑏4
𝑏0 + 2𝑏3

⎡

⎢

⎢

⎢

⎣

1

−3𝑞 + 𝜖
√

−𝑀 sinh
(

2
√

− 𝑏4
8𝑏5

𝜉
)

⎤

⎥

⎥

⎥

⎦

⎫

⎪

⎬

⎪

⎭

−1

𝑒𝐼(𝜔𝑥−𝛺𝑡)

(39)

7. If 𝑝 = − 𝑏4
8𝑏5

< 0, 𝑀 > 0, then we obtain soliton solutions

u(𝑥, 𝑡) =
⎧

⎪

⎨

⎪

⎩

−3𝑞

√

2𝑏4
𝑏0 + 2𝑏3

⎡

⎢

⎢

⎢

⎣

1

−3𝑞 + 𝜖
√

𝑀 cos
(

2
√

− 𝑏4
8𝑏5

𝜉
)

⎤

⎥

⎥

⎥

⎦

⎫

⎪

⎬

⎪

⎭

−1

𝑒𝐼(𝜔𝑥−𝛺𝑡)

(40)

u(𝑥, 𝑡) =
⎧

⎪

⎨

⎪

⎩

−3𝑞

√

2𝑏4
𝑏0 + 2𝑏3

⎡

⎢

⎢

⎢

⎣

1

−3𝑞 + 𝜖
√

𝑀 sin
(

2
√

𝑏4
8𝑏5

𝜉
)

⎤

⎥

⎥

⎥

⎦

⎫

⎪

⎬

⎪

⎭

−1

𝑒𝐼(𝜔𝑥−𝛺𝑡)

(41)

where 𝑀 = 9𝑞2 − 48𝑝𝑠, 𝜀 = ±1.

5. Soliton solutions of CH-NLS equation through the modified
simple equation method

Taking the homogeneous balance between 𝜓(𝜉)5𝜓 ′′(𝜉) and 𝜓(𝜉)8 in
Eq. (11), we obtain 𝑁 = 1. Based on the modified simple equation
method [36,37], we consider the following solution:

𝜓(𝜉) = 𝐴0 + 𝐴1

[

𝛹 ′(𝜉)
𝛹 (𝜉)

]

, (42)

here the constants 𝐴0 and 𝐴1 ≠ 0 are to be determined later. By
ubstitute (42) into (11), taking all the coefficients of powers of 𝛹 (𝜉)−𝑗
nd making them to zero, yields a set of algebraic equations for the
ossible choice of 𝐴0 = 0 as follows:

(𝜉)−3 ∶ 𝐴4 (𝑏 𝛹 ′(𝜉)4 + 𝑏 𝛹 ′(𝜉)2𝛹 ′′(𝜉)2 + 𝑏 𝛹 ′′(𝜉)4
)

= 0,
5

1 2 4 5 w
𝛹 (𝜉)−4 ∶ − 2𝐴4
1𝛹

′(𝜉)2𝛹 ′′(𝜉)
(

𝑏4𝛹
′(𝜉)2 + 2𝑏5𝛹 ′′(𝜉)2

)

= 0,

(𝜉)−5 ∶ 𝐴4
1𝛹

′(𝜉)4
(

𝑏4𝛹
′(𝜉)2 + 6𝑏5𝛹 ′′(𝜉)2 + 𝐴2

1
(

𝑏1𝛹
′(𝜉)2

+
(

2𝑏0 + 𝑏3
)

𝛹 ′′(𝜉)2 − 𝑏0𝛹 ′(𝜉)𝛹 ′′′(𝜉)
))

= 0,

𝛹 (𝜉)−6 ∶ − 𝐴4
1
(

𝐴2
1
(

𝑏0 + 2𝑏3
)

+ 4𝑏5
)

𝛹 ′(𝜉)6𝛹 ′′(𝜉) = 0,

𝛹 (𝜉)−7 ∶ 𝐴4
1
(

𝐴2
1𝑏3 + 𝑏5 + 𝐴

4
1𝑏6

)

𝛹 ′(𝜉)8 = 0, (43)

and the other coefficients of powers of 𝛹 (𝜉)−𝑗 are equal to zero. Solving
last two equations in (43) by Mathematica, we obtain,

𝐴1 = 2

√

𝑏5
−𝑏0 − 2𝑏3

, 𝑏6 =
−𝑏20 + 4𝑏23

16𝑏5
. (44)

n this case, first three algebraic equations reduce to

2𝛹
′(𝜉)4 + 𝑏4𝛹 ′(𝜉)2𝛹 ′′(𝜉)2 + 𝑏5𝛹 ′′(𝜉)4 = 0,

4𝛹
′(𝜉)2 + 2𝑏5𝛹 ′′(𝜉)2 = 0,

(

𝑏3𝑏4 − 2𝑏1𝑏5
)

𝛹 ′(𝜉)2 + 8𝑏3𝑏5𝛹 ′′(𝜉)2 + 𝑏0
(

𝑏4𝛹
′(𝜉)2

−2𝑏5
(

𝛹 ′′(𝜉)2 − 2𝛹 ′(𝜉)𝛹 ′′′(𝜉)
))

= 0. (45)

From the system of Eq. (45), we obtain the following results

𝑏1 = −
𝑏3𝑏4
2𝑏5

, 𝑏2 =
𝑏24
4𝑏5

. (46)

𝛹 (3)(𝜉) +
𝑏4
2𝑏5

𝛹 ′(𝜉) = 0. (47)

onsequently, Eq. (47) reduces to

(𝜉) =

√

−
2𝑏5
𝑏4

𝑒
−
√

− 𝑏4
2𝑏5

𝜉 ⎛
⎜

⎜

⎝

𝑐1 − 𝑐2𝑒

√

− 2𝑏4
𝑏5
𝜉⎞
⎟

⎟

⎠

+ 𝑐3, (48)

where
𝑏4
𝑏5

< 0 and 𝑐1, 𝑐2 and 𝑐3 are integration constants. Substituting
(48) into (42) along with (10), we obtain the exact solution of Eq. (2)
as:

𝑢(𝑥, 𝑡) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

√

2𝑏4
(

𝑏0 + 2𝑏3
)

⎡

⎢

⎢

⎢

⎢

⎢

⎣

(

𝑐1𝑒

√

− 𝑏4
2𝑏5

𝜉
+ 𝑐2𝑒

√

− 𝑏4
2𝑏5

𝜉
)

(

−𝑐1𝑒

√

− 𝑏4
2𝑏5

𝜉
+ 𝑐2𝑒

√

− 𝑏4
2𝑏5

𝜉
+ 𝑐3

√

− 𝑏4
2𝑏5

)

⎤

⎥

⎥

⎥

⎥

⎥

⎦

⎫

⎪

⎪

⎬

⎪

⎪

⎭

−1

𝑒𝐼(𝜔𝑥−𝛺𝑡).

(49)

As a specific choice, if we set 𝑐1 = 0 and 𝑐3
𝑐2

=
√

− 2𝑏5
𝑏4

in (49), then we
ave the dark soliton solution

(𝑥, 𝑡) =

{√

𝑏4
2
(

𝑏0 + 2𝑏3
)

[

1 + tanh
(
√

−
𝑏4
2𝑏5

𝜉
2

)]}−1

𝑒𝐼(𝜔𝑥−𝛺𝑡), (50)

hile, if we set 𝑐1 = 0 and 𝑐3
𝑐2

= −
√

− 2𝑏5
𝑏4

in (49), then we have the
singular soliton solution

𝑢(𝑥, 𝑡) =

{√

𝑏4
2
(

𝑏0 + 2𝑏3
)

[

1 + coth
(
√

−
𝑏4
2𝑏5

𝜉
2

)]}−1

𝑒𝐼(𝜔𝑥−𝛺𝑡). (51)

ote that the above soliton solutions (50) and (51) are consistent with
ur previous solutions (27) and (28), when 𝜖 = 1, respectively.

. Graphical representations of the solutions

In this section, we present the physical interpretation of the ob-
ained exact traveling wave solutions of the CH-NLS equation. The
raphical illustrations of some solutions are given in Figs. 1–5 for
pecial values of the free parameters. From the above figures, one can
ee that the obtained solutions possess the dark soliton solutions, the
ingular soliton solutions, the solitary wave solutions and the periodic
ave solutions. Fig. 1 of the solutions (18) and (19) shows the shape



Results in Physics 19 (2020) 103549T. Mathanaranjan
Fig. 4. The graphics of solitary wave solutions 𝑢(𝑥, 𝑡) of Eqs. (38) and (39) with 𝑎 = 3, 𝜎 = 1, 𝜔 = 0.3, 𝛺 = 0.1, 𝜖 = 1, 𝑞 = 1, 𝑠 = 1..
Fig. 5. The graphics of soliton wave solutions 𝑢(𝑥, 𝑡) of Eqs. (40) and (41) with 𝑎 = 5, 𝜎 = 1, 𝜔 = 0.3, 𝛺 = 0.1, 𝜖 = 1, 𝑞 = 5, 𝑠 = 1..
of the dark and singular soliton solutions respectively with 𝑎 = 2, 𝜎 =
1, 𝜔 = 1, 𝛺 = 0.1. On the other hand, Fig. 2 of the solutions (21)
and (22) represent periodic wave solutions with 𝑎 = 2, 𝜎 = 1, 𝜔 =
0.1, 𝛺 = 0.1. Indeed, the solutions in Figs. 3–4 shows the shape of
the exact soliton-like solution of CH-NLS equation. For convenience,
other figures are omitted as they exhibit the same behavior of the above
solutions. The exact solutions and figures obtained in this paper gives
us a different physical interpretation for the CH-NLS equation.

7. Conclusions

Three different techniques, namely, the new approach of gener-
alized (𝐺′∕𝐺)-expansion method, the new mapping method, and the
modified simple equation method have been employed to find many
exact solutions to CH-NLS equation. These exact solutions include dark
soliton, singular soliton, and periodic solutions. Further, the graphs of
some solitary wave solutions are presented to express the behavior of
our solutions. As far as we know, these exact solutions have not been
derived in the literature.
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