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A B S T R A C T

In this study, solitary wave solutions for the generalized (3 + 1)-dimensional nonlinear wave equation (NLWE)
are extracted using a new generalized exponential rational function method (GERFM). Numerous nonlinear
behaviors in liquids with gas bubbles are described by this equation. The suggested method is used to derive
the various kinds of new accurate soliton solutions for the equation. Also, the physical interpretations of some
obtained solutions are represented. In addition, a modulational instability analysis framework is used to look
at the system’s stability.
Introduction

In this paper, we focus on a (3 + 1)-dimensional NLWE in liquid
containing gas bubbles [1]
(

𝑢𝑡 + 𝑎1𝑢𝑢𝑥 + 𝑎2𝑢𝑥𝑥𝑥 + 𝑎3𝑢𝑥
)

𝑥 + 𝑎4𝑢𝑦𝑦 + 𝑎5𝑢𝑧𝑧 = 0, (1)

𝑎𝑖(𝑖 = 1, 2, ..5) is an arbitrary constant, and 𝑢 = 𝑢(𝑥, 𝑦, 𝑧, 𝑡) is a differen-
tiable function with the spatial coordinates 𝑥, 𝑦, 𝑧 and t. Some nonlinear
physical processes in a liquid containing a gas bubble can be described
by this equation. Its bilinear equation, Bäcklund transformation, in-
finite conservation laws and 𝑁-soliton solutions were systematically
structured based on the binary Bell polynomials in [1]. With the aid
of the symbolic computation, the mixed lump-stripe solutions, mixed
rogue wave-stripe solutions and lump solutions of Eq. (1) were obtained
in [2].

To fill the gap of the previous findings, we are motivated to find
soliton solutions of the considered model via a recently developed
method known as the GERFM. The soliton solutions for NLWE play a
significant role in soliton theory, physical sciences and engineering. So
the finding of exact soliton solutions for NLWE is very important for
mathematicians and physicists [3–9]. To the best of our knowledge,
such kinds of abundance of solutions have never been established in
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earlier literature. The goal of the current research is to determine
how to use the new GERFM [10,11] to acquire the solitary wave
solutions to the Eq. (1). Additionally, the typical linear-stability analysis
is used to study the modulation instability analysis of the stationary
solution of this system. With the use of alternative methodologies,
analytical solutions are discovered for a number of integer and fractal
order models aside from the GERFM [12–33]. However, the suggested
approaches are strong instruments for generating the precise solutions
of nonlinear differential equations and have attracted a lot of interest
recently [34–36].

Description of the method

We provide a quick overview of the new GERFM [10,11] in this
section. We first take into account the subsequent NLPDE:

𝑁
(

𝜓,𝜓𝑥, 𝜓𝑥𝑥, 𝜓𝑦𝑦𝑥,…
)

= 0 . (2)

If we use 𝜓 = 𝜓(𝜉) and 𝜉 = 𝑘1𝑥 + 𝑘2𝑦 + 𝑘3𝑧 − 𝜈𝑡, then we reduce the
NLPDE to the following ODE.

𝑁
(

𝜓,𝜓 ′, 𝜓 ′′,…
)

= 0 , (3)
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where 𝑘1, 𝑘2, 𝑘3 and 𝜈 are constants to be determined. Next, we suppose
hat the formal solution exists for the Eq. (3)

(𝜉) =
𝑝1𝑒𝑞1𝜉 + 𝑝2𝑒𝑞2𝜉

𝑝3𝑒𝑞3𝜉 + 𝑝4𝑒𝑞4𝜉
, (4)

here 𝑝1, 𝑝2, 𝑝3, 𝑝4 and 𝑞1, 𝑞2, 𝑞3, 𝑞4 represent the complex/real numbers
uch that the traveling wave solution of Eq. (2) can be written as
ollows:

(𝜉) = 𝐴0 +
𝑁
∑

𝑘=1
𝐴𝑘𝑓 (𝜉)𝑘 +

𝑁
∑

𝑘=1
𝐵𝑘𝑓 (𝜉)−𝑘. (5)

he coefficients 𝐴0, 𝐴𝑘, 𝐵𝑘 (1 ≤ 𝑘 ≤ 𝑁) and 𝑝𝑛, 𝑞𝑛 (1 ≤ 𝑛 ≤ 4) will be de-
ermined such that Eq. (5) satisfies Eq. (3). Note that, the positive
nteger 𝑁 can be determined by applying the homogeneous balance
rincipal.

Now, plugging Eq. (5) into (3) and collecting all terms, the following
olynomial equation will be acquired:
(

𝑒𝑞1𝜉 , 𝑒𝑞2𝜉 , 𝑒𝑞3𝜉 , 𝑒𝑞4𝜉
)

= 0. (6)

y setting each coefficient of 𝑃 to zero, a set of algebraic equation
or 𝑝𝑛, 𝑞𝑛 (1 ≤ 𝑛 ≤ 4) and 𝑘, 𝑚, 𝜔, 𝐴0, 𝐴1, 𝐵1 will be acquired. Finally, by
olving the algebraic equation and then substituting the non-trivial
olution in Eq. (5), we can acquire solitons of Eq. (2).

eduction of the model

To construct the traveling wave solution to Eq. (1), we assume that
he wave transformation of the form:

(𝑥, 𝑦, 𝑧, 𝑡) = 𝜙(𝜉), 𝜉 = 𝑘1𝑥 + 𝑘2𝑦 + 𝑘3𝑧 − 𝜈𝑡, (7)

where 𝜙 and 𝜓 are the real function of 𝜉 = 𝑥 − 𝜏𝑡. Here 𝜏 indicates
the soliton velocity while 𝜔 represents the frequency of the soliton
oscillation. Now, by substituting Eq. (7) into Eq. (1), we get,
(

−𝜈𝑘1 + 𝑎3𝑘21 + 𝑎4𝑘
2
2 + 𝑎5𝑘

2
3
)

𝜙′′(𝜉) + 𝑎1𝑘21
(

𝜙′(𝜉)2 + 𝜙(𝜉)𝜙′′(𝜉)
)

+ 𝑎2𝑘41𝜙
(4)(𝜉) = 0, (8)

Now, integrating Eq. (8) twice and setting the coefficients of integration
to zero, we acquire :

2
(

−𝜈𝑘1 + 𝑎3𝑘21 + 𝑎4𝑘
2
2 + 𝑎5𝑘

2
3
)

𝜙(𝜉) + 𝑎1𝑘21𝜙(𝜉)
2 + 2𝑎2𝑘41𝜙

′′(𝜉) = 0. (9)

In the next section, we will solve (9) using the proposed method.

Implementation of proposed method

We use the new GERFM [10,11] to find the solitary wave solutions
of Eq. (1).

Balancing the 𝜙′′(𝜉) and 𝜙(𝜉)2 in (9), yields 𝑁 = 2. According to the
new GERFM, we assume that Eq. (9) has the formal solution:

𝜙(𝜉) = 𝐴0 + 𝐴1𝑓 (𝜉) + 𝐴2𝑓 (𝜉)2 +
𝐵1
𝑓 (𝜉)

+
𝐵2

𝑓 (𝜉)2
, (10)

where 𝐴𝑖 and 𝐵𝐽 (𝑖 = 0, 1, 2 𝑗 = 1, 2) are arbitrary constants to be
determined, while the 𝑓 (𝜉) is giving by (4). Substituting (10) into (9)
and according the method described above, we acquire the following
non-trivial solutions of (1) as follows.

Family 1. If 𝑝 = [𝑖,−𝑖, 1, 1] and 𝑞 = [𝑖,−𝑖, 𝑖,−𝑖] then the Eq. (4) yields:

𝑓 (𝜉) = −tan(𝜉), where 𝜉 = 𝑘1𝑥 + 𝑘2𝑦 + 𝑘3𝑧 − 𝜈𝑡 (11)

The following cases are acquired.

Case 1.

𝐴0 = −
12𝑎2𝑘21
𝑎1

, 𝐴2 = −
12𝑎2𝑘21
𝑎1

, 𝐴1 = 0, 𝐵2 = 0, 𝐵1 = 0,

‘𝜈 =
𝑎3𝑘21 − 4𝑎2𝑘41 + 𝑎4𝑘

2
2 + 𝑎5𝑘

2
3 .

(12)
2

𝑘1
rom Eqs. (10) and (11), we acquired:

(𝑥, 𝑦, 𝑧, 𝑡) = −
12𝑎2𝑘21
𝑎1

sec2(𝜉), (13)

here 𝜉 = 𝑘1𝑥 + 𝑘2𝑦 + 𝑘3𝑧 −
𝑎3𝑘21−4𝑎2𝑘

4
1+𝑎4𝑘

2
2+𝑎5𝑘

2
3

𝑘1
𝑡.

Case 2.

𝐴0 = −
4𝑎2𝑘21
𝑎1

, 𝐴2 = −
12𝑎2𝑘21
𝑎1

, 𝐴1 = 0, 𝐵2 = 0, 𝐵1 = 0,

𝜈 =
𝑎3𝑘21 + 4𝑎2𝑘41 + 𝑎4𝑘

2
2 + 𝑎5𝑘

2
3

𝑘1
.

(14)

From Eqs. (10) and (11), we acquired:

𝑢(𝑥, 𝑦, 𝑧, 𝑡) =
4𝑎2𝑘21
𝑎1

[

2 − 3sec2(𝜉)
]

, (15)

where 𝜉 = 𝑘1𝑥 + 𝑘2𝑦 + 𝑘3𝑧 −
𝑎3𝑘21+4𝑎2𝑘

4
1+𝑎4𝑘

2
2+𝑎5𝑘

2
3

𝑘1
𝑡.

Case 3.

𝐴0 = −
12𝑎2𝑘21
𝑎1

, 𝐴2 = 0, 𝐴1 = 0, 𝐵2 = −
12𝑎2.𝑘21
𝑎1

, 𝐵1 = 0,

𝜈 =
𝑎3𝑘21 − 4𝑎2𝑘41 + 𝑎4𝑘

2
2 + 𝑎5𝑘

2
3

𝑘1
.

(16)

From Eqs. (10) and (11), we acquired:

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = −
12𝑎2𝑘21
𝑎1

csc2(𝜉). (17)

where 𝜉 = 𝑘1𝑥 + 𝑘2𝑦 + 𝑘3𝑧 −
𝑎3𝑘21−4𝑎2𝑘

4
1+𝑎4𝑘

2
2+𝑎5𝑘

2
3

𝑘1
𝑡.

Case 4.

𝐴0 = −
4𝑎2𝑘21
𝑎1

, 𝐴2 = 0, 𝐴1 = 0, 𝐵2 = −
12𝑎2𝑘21
𝑎1

, 𝐵1 = 0,

𝜈 =
𝑎3𝑘21 + 4𝑎2𝑘41 + 𝑎4𝑘

2
2 + 𝑎5𝑘

2
3

𝑘1
.

(18)

From Eqs. (10) and (11), we acquired:

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = −
4𝑎2𝑘21
𝑎1

[

−2 + 3csc2(𝜉)
]

, (19)

here 𝜉 = 𝑘1𝑥 + 𝑘2𝑦 + 𝑘3𝑧 −
𝑎3𝑘21+4𝑎2𝑘

4
1+𝑎4𝑘

2
2+𝑎5𝑘

2
3

𝑘1
𝑡.

Case 5.

𝐴0 = −
24𝑎2𝑘21
𝑎1

, 𝐴1 = 0, 𝐴2 = −
12𝑎2𝑘21
𝑎1

, 𝐵1 = 0, 𝐵2 = −
12𝑎2𝑘21
𝑎1

,

𝜈 =
𝑎3𝑘21 − 16𝑎2𝑘41 + 𝑎4𝑘

2
2 + 𝑎5𝑘

2
3

𝑘1
.

(20)

From Eqs. (10) and (11), we acquired:

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = −
48𝑎2𝑘21
𝑎1

csc2(2𝜉), (21)

where 𝜉 = 𝑘1𝑥 + 𝑘2𝑦 + 𝑘3𝑧 −
𝑎3𝑘21−16𝑎2𝑘

4
1+𝑎4𝑘

2
2+𝑎5𝑘

2
3

𝑘1
𝑡.

ase 6.

𝐴0 =
8𝑎2𝑘21
𝑎1

, 𝐴1 = 0, 𝐴2 = −
12𝑎2𝑘21
𝑎1

, 𝐵1 = 0, 𝐵2 = −
12𝑎2𝑘21
𝑎1

,

𝜈 =
𝑎3𝑘21 + 16𝑎2𝑘41 + 𝑎4𝑘

2
2 + 𝑎5𝑘

2
3

𝑘1
.

(22)

From Eqs. (10) and (11), we acquired:

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = −
16𝑎2𝑘21 [

−2 + 3csc2(2𝜉)
]

, (23)

𝑎1
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Fig. 1. (a) 3D plot of solution (13) with 𝑘1 = 𝑘2 = 𝑘3 = 0.1, 𝑦 = 𝑧 = 1, 𝑎1 = 𝑎2 = 𝑎3 = 𝑎4 = 𝑎5 = 1 (b) Corresponding 2D plot for 𝑡 = 1.
Fig. 2. (a) 3D plot of solution (17) with 𝑘1 = 𝑘2 = 𝑘3 = 0.1, 𝑦 = 𝑧 = 1, 𝑎1 = 𝑎2 = 𝑎3 = 𝑎4 = 𝑎5 = 1 (b) Corresponding 2D plot for 𝑡 = 1.
where 𝜉 = 𝑘1𝑥 + 𝑘2𝑦 + 𝑘3𝑧 −
𝑎3𝑘21+16𝑎2𝑘

4
1+𝑎4𝑘

2
2+𝑎5𝑘

2
3

𝑘1
𝑡.

Family 2. If 𝑝 = [1 + 𝑖, 1 − 𝑖, 1, 1] and 𝑞 = [𝑖,−𝑖, 𝑖,−𝑖] then the Eq. (4)
yields:

𝑓 (𝜉) = 1 − tan(𝜉), where 𝜉 = 𝑘1𝑥 + 𝑘2𝑦 + 𝑘3𝑧 − 𝜈𝑡 (24)

The following cases are acquired.

Case 1.

𝐴0 = −
24𝑎2𝑘21
𝑎1

, 𝐴1 = 0, 𝐴2 = 0, 𝐵1 =
48𝑎2𝑘21
𝑎1

, 𝐵2 = −
48𝑎2𝑘21
𝑎1

,

𝜈 =
𝑎3𝑘21 − 4𝑎2𝑘41 + 𝑎4𝑘

2
2 + 𝑎5𝑘

2
3

𝑘1
.

(25)

From Eqs. (10) and (24), we acquired:

𝑢(𝑥, 𝑦, 𝑧, 𝑡) =
24𝑎2𝑘21

𝑎1[−1 + sin(2𝜉)] . (26)

where 𝜉 = 𝑘1𝑥 + 𝑘2𝑦 + 𝑘3𝑧 −
𝑎3𝑘21−4𝑎2𝑘

4
1+𝑎4𝑘

2
2+𝑎5𝑘

2
3

𝑘1
𝑡.

Case 2.

𝐴0 = −
16𝑎2𝑘21
𝑎1

, 𝐴2 = 0, 𝐴1 = 0, 𝐵2 = −
48𝑎2𝑘21
𝑎1

, 𝐵1 =
48𝑎2𝑘21
𝑎1

,

𝜈 =
𝑎3𝑘21 + 4𝑎2𝑘41 + 𝑎4𝑘

2
2 + 𝑎5𝑘

2
3

𝑘1
.

(27)

From Eqs. (10) and (24), we acquired:

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = −
16𝑎2𝑘21

[

sec2(𝜉) + tan(𝜉)
]

. (28)
3

𝑎1[−1 + tan(𝜉)]2
where 𝜉 = 𝑘1𝑥 + 𝑘2𝑦 + 𝑘3𝑧 −
𝑎3𝑘21+4𝑎2𝑘

4
1+𝑎4𝑘

2
2+𝑎5𝑘

2
3

𝑘1
𝑡.

Family 3. If 𝑝 = [1,−1, 1, 1] and 𝑞 = [−1, 1,−1, 1] then the Eq. (4)
yields:

𝑓 (𝜉) = −tanh(𝜉), where 𝜉 = 𝑘1𝑥 + 𝑘2𝑦 + 𝑘3𝑧 − 𝜈𝑡 (29)

The following cases are acquired.

Case 1.

𝐴0 =
4𝑎2𝑘21
𝑎1

, 𝐴2 = −
12𝑎2𝑘21
𝑎1

, 𝐴1 = 0, 𝐵2 = 0, 𝐵1 = 0,

𝜈 =
𝑎3𝑘21 − 4𝑎2𝑘41 + 𝑎4𝑘

2
2 + 𝑎5𝑘

2
3

𝑘1
.

(30)

From Eqs. (10) and (29), we acquired:

𝑢(𝑥, 𝑦, 𝑧, 𝑡) =
4𝑎2𝑘21
𝑎1

[

1 − 3tanh2(𝜉)
]

, (31)

where 𝜉 = 𝑘1𝑥 + 𝑘2𝑦 + 𝑘3𝑧 −
𝑎3𝑘21−4𝑎2𝑘

4
1+𝑎4𝑘

2
2+𝑎5𝑘

2
3

𝑘1
𝑡.

Case 2.

𝐴0 =
12𝑎2𝑘21
𝑎1

, 𝐴1 = 0, 𝐴2 = −
12𝑎2𝑘21
𝑎1

, 𝐵1 = 0, 𝐵2 = 0,

𝜈 =
𝑎3𝑘21 + 4𝑎2𝑘41 + 𝑎4𝑘

2
2 + 𝑎5𝑘

2
3

𝑘1
.

(32)

From Eqs. (10) and (29), we acquired:

𝑢(𝑥, 𝑦, 𝑧, 𝑡) =
12𝑎2𝑘21 sech2(𝜉), (33)

𝑎1
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Fig. 3. (a) 3D plot of solution (31) with 𝑘1 = 𝑘2 = 𝑘3 = 0.1, 𝑦 = 𝑧 = 1, 𝑎1 = 𝑎2 = 𝑎3 = 𝑎4 = 𝑎5 = 1 (b) Corresponding 2D plot for 𝑡 = 1.
Fig. 4. (a) 3D plot of solution (33) with 𝑘1 = 𝑘2 = 𝑘3 = 1, 𝑦 = 𝑧 = 1, 𝑎1 = 𝑎2 = 𝑎3 = 𝑎4 = 𝑎5 = 1 (b) Corresponding 2D plot for 𝑡 = 1.
where 𝜉 = 𝑘1𝑥 + 𝑘2𝑦 + 𝑘3𝑧 −
𝑎3𝑘21+4𝑎2𝑘

4
1+𝑎4𝑘

2
2+𝑎5𝑘

2
3

𝑘1
𝑡.

Case 3.

𝐴0 =
4𝑎2𝑘21
𝑎1

, 𝐴1 = 0, 𝐴2 = 0, 𝐵1 = 0, 𝐵2 = −
12𝑎2𝑘21
𝑎1

,

𝜈 =
𝑎3𝑘21 − 4𝑎2𝑘41 + 𝑎4𝑘

2
2 + 𝑎5𝑘

2
3

𝑘1
.

(34)

From Eqs. (10) and (29), we acquired:

𝑢(𝑥, 𝑦, 𝑧, 𝑡) =
4𝑎2𝑘21
𝑎1

[

1 − 3coth2(𝜉)
]

, (35)

where 𝜉 = 𝑘1𝑥 + 𝑘2𝑦 + 𝑘3𝑧 −
𝑎3𝑘21−4𝑎2𝑘

4
1+𝑎4𝑘

2
2+𝑎5𝑘

2
3

𝑘1
𝑡.

Case 4.

𝐴0 =
12𝑎2𝑘21
𝑎1

, 𝐴1 = 0, 𝐴2 = 0, 𝐵1 = 0, 𝐵2 = −
12𝑎2𝑘21
𝑎1

,

𝜈 =
𝑎3𝑘21 + 4𝑎2𝑘41 + 𝑎4𝑘

2
2 + 𝑎5𝑘

2
3

𝑘1
.

(36)

From Eqs. (10) and (29), we acquired:

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = −
12𝑎2𝑘21 csch2(𝜉), (37)
4

𝑎1
where 𝜉 = 𝑘1𝑥 + 𝑘2𝑦 + 𝑘3𝑧 −
𝑎3𝑘21+4𝑎2𝑘

4
1+𝑎4𝑘

2
2+𝑎5𝑘

2
3

𝑘1
𝑡.

Case 5.

𝐴0 = −
8𝑎2𝑘21
𝑎1

, 𝐴2 = −
12𝑎2𝑘21
𝑎1

, 𝐴1 = 0, 𝐵2 = −
12𝑎2𝑘21
𝑎1

, 𝐵1 = 0,

𝜈 =
𝑎3𝑘21 − 16𝑎2𝑘41 + 𝑎4𝑘

2
2 + 𝑎5𝑘

2
3

𝑘1
.

(38)

From Eqs. (10) and (29), we acquired:

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = −
16𝑎2𝑘21
𝑎1

[

2 + 3csch[2𝜉]2
]

, (39)

where 𝜉 = 𝑘1𝑥 + 𝑘2𝑦 + 𝑘3𝑧 −
𝑎3𝑘21−16𝑎2𝑘

4
1+𝑎4𝑘

2
2+𝑎5𝑘

2
3

𝑘1
𝑡.

Case 6.

𝐴0 =
24𝑎2𝑘21
𝑎1

, 𝐴2 = −
12𝑎2𝑘21
𝑎1

, 𝐴1 = 0, 𝐵2 = −
12𝑎2𝑘21
𝑎1

, 𝐵1 = 0,

𝜈 =
𝑎3𝑘21 + 16𝑎2𝑘41 + 𝑎4𝑘

2
2 + 𝑎5𝑘

2
3

𝑘1
.

(40)

From Eqs. (10) and (29), we acquired:

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = −
48𝑎2𝑘21 csch2(2𝜉), (41)

𝑎1
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Fig. 5. (a) 3D plot of solution (35) with 𝑘1 = 𝑘2 = 𝑘3 = 1, 𝑦 = 𝑧 = 1, 𝑎1 = 𝑎2 = 𝑎3 = 𝑎4 = 𝑎5 = 1 (b) Corresponding 2D plot for 𝑡 = 1.
Fig. 6. (a) 3D plot of solution (37) with 𝑘1 = 𝑘2 = 𝑘3 = 1, 𝑦 = 𝑧 = 1, 𝑎1 = 𝑎2 = 𝑎3 = 𝑎4 = 𝑎5 = 1 (b) Corresponding 2D plot for 𝑡 = 1.
where 𝜉 = 𝑘1𝑥 + 𝑘2𝑦 + 𝑘3𝑧 −
𝑎3𝑘21+16𝑎2𝑘

4
1+𝑎4𝑘

2
2+𝑎5𝑘

2
3

𝑘1
.

Family 4. If 𝑝 = [−2,−3, 1, 1] and 𝑞 = [1, 0, 1, 0] then the Eq. (4) yields:

𝑓 (𝜉) = −2𝑒𝜉 − 3
𝑒𝜉 + 1

, where 𝜉 = 𝑘1𝑥 + 𝑘2𝑦 + 𝑘3𝑧 − 𝜈𝑡 (42)

The following cases are acquired.

Case 1.

𝐴0 = −
74𝑎2𝑘21
𝑎1

, 𝐴2 = 0, 𝐴1 = 0, 𝐵2 = −
432𝑎2𝑘21
𝑎1

, 𝐵1 = −
360𝑎2𝑘21
𝑎1

,

𝜈 =
𝑎3𝑘21 − 𝑎2𝑘

4
1 + 𝑎4𝑘

2
2 + 𝑎5𝑘

2
3

𝑘1
.

(43)

From Eqs. (10) and (42), we acquired:

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = −
2𝑎2𝑘21

[

9 + 4𝑒𝜉
(

−6 + 𝑒𝜉
)]

𝑎1
(

3 + 2𝑒𝜉
)2

, (44)

where 𝜉 = 𝑘1𝑥 + 𝑘2𝑦 + 𝑘3𝑧 −
𝑎3𝑘21−𝑎2𝑘

4
1+𝑎4𝑘

2
2+𝑎5𝑘

2
3

𝑘1
𝑡.

Case 2.

𝐴0 = −
72𝑎2𝑘21
𝑎1

, 𝐴2 = 0, 𝐴1 = 0, 𝐵2 = −
432𝑎2𝑘21
𝑎1

, 𝐵1 = −
360𝑎2𝑘21
𝑎1

,

𝜈 =
𝑎3𝑘21 + 𝑎2𝑘

4
1 + 𝑎4𝑘

2
2 + 𝑎5𝑘

2
3

𝑘1
.

(45)
5

From Eqs. (10) and (42), we acquired:

𝑢(𝑥, 𝑦, 𝑧, 𝑡) =
72𝑎2𝑘21𝑒

𝜉

𝑎1
(

3 + 2𝑒𝜉
)2
, (46)

where 𝜉 = 𝑘1𝑥 + 𝑘2𝑦 + 𝑘3𝑧 −
𝑎3𝑘21+𝑎2𝑘

4
1+𝑎4𝑘

2
2+𝑎5𝑘

2
3

𝑘1
𝑡.

Case 3.

𝐴0 = −
74𝑎2𝑘21
𝑎1

, 𝐴2 = −
12𝑎2𝑘21
𝑎1

, 𝐴1 = −
60𝑎2𝑘21
𝑎1

, 𝐵2 = 0, 𝐵1 = 0,

𝜈 =
𝑎3𝑘21 − 𝑎2𝑘

4
1 + 𝑎4𝑘

2
2 + 𝑎5𝑘

2
3

𝑘1
.

(47)

From Eqs. (10) and (42), we acquired:

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = −
2𝑎2𝑘21

(

1 − 4𝑒𝜉 + 𝑒2𝜉
)

𝑎1
(

1 + 𝑒𝜉
)2

, (48)

where 𝜉 = 𝑘1𝑥 + 𝑘2𝑦 + 𝑘3𝑧 −
𝑎3𝑘21−𝑎2𝑘

4
1+𝑎4𝑘

2
2+𝑎5𝑘

2
3

𝑘1
𝑡.

Case 4.

𝐴0 = −
72𝑎2𝑘21
𝑎1

, 𝐴1 = −
60𝑎2𝑘21
𝑎1

, 𝐴2 = −
12𝑎2𝑘21
𝑎1

, 𝐵2 = 0, 𝐵1 = 0,

𝜈 =
𝑎3𝑘21 + 𝑎2𝑘

4
1 + 𝑎4𝑘

2
2 + 𝑎5𝑘

2
3

𝑘1
.

(49)
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Fig. 7. (a) 3D plot of solution (53) with 𝑘1 = 𝑘2 = 𝑘3 = 0.1, 𝑦 = 𝑧 = 1, 𝑎1 = 𝑎2 = 𝑎3 = 𝑎4 = 𝑎5 = 1 (b) Corresponding 2D plot for 𝑡 = 1.
From Eqs. (10) and (42), we acquired:

𝑢(𝑥, 𝑦, 𝑧, 𝑡) =
12𝑎2𝑘21𝑒

𝜉

𝑎1
(

1 + 𝑒𝜉
)2
, (50)

where 𝜉 = 𝑘1𝑥 + 𝑘2𝑦 + 𝑘3𝑧 −
𝑎3𝑘21+𝑎2𝑘

4
1+𝑎4𝑘

2
2+𝑎5𝑘

2
3

𝑘1
𝑡.

Family 5. If 𝑝 = [−3,−1, 1, 1] and 𝑞 = [1,−1, 1,−1] then the Eq. (4)
yields:

𝑓 (𝜉) = −2 − tanh(𝜉), where 𝜉 = 𝑘1𝑥 + 𝑘2𝑦 + 𝑘3𝑧 − 𝜈𝑡 (51)

The following cases are acquired.

Case 1.

𝐴0 = −
44𝑎2𝑘21
𝑎1

, 𝐴1 = 0, 𝐴2 = 0, 𝐵1 = −
144𝑎2𝑘21
𝑎1

, 𝐵2 = −
108𝑎2𝑘21
𝑎1

,

𝜈 =
𝑎3𝑘21 − 4𝑎2𝑘41 + 𝑎4𝑘

2
2 + 𝑎5𝑘

2
3

𝑘1
.

(52)

From Eqs. (10) and (51), we acquired:

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = −
4𝑎2𝑘21

[

−1 + tanh(𝜉)(8 + 11tanh(𝜉))
]

𝑎1[2 + tanh(𝜉)]2
, (53)

where 𝜉 = 𝑘1𝑥 + 𝑘2𝑦 + 𝑘3𝑧 −
𝑎3𝑘21−4𝑎2𝑘

4
1+𝑎4𝑘

2
2+𝑎5𝑘

2
3

𝑘1
𝑡.

Case 2.

𝐴0 = −
36𝑎2𝑘21
𝑎1

, 𝐴1 = 0, 𝐴2 = 0, 𝐵1 = −
144𝑎2𝑘21
𝑎1

, 𝐵2 = −
108𝑎2𝑘21
𝑎1

,

𝜈 =
𝑎3𝑘21 + 4𝑎2𝑘41 + 𝑎4𝑘

2
2 + 𝑎5𝑘

2
3

𝑘1
.

(54)

From Eqs. (10) and (51), we acquired:

𝑢(𝑥, 𝑦, 𝑧, 𝑡) =
36𝑎2𝑘21

𝑎1[2cosh(𝜉) + sinh(𝜉)]2
, (55)

where 𝜉 = 𝑘1𝑥 + 𝑘2𝑦 + 𝑘3𝑧 −
𝑎3𝑘21+4𝑎2𝑘

4
1+𝑎4𝑘

2
2+𝑎5𝑘

2
3

𝑘1
𝑡.

Family 6. If 𝑝 = [−1, 3, 1,−1] and 𝑞 = [1,−1, 1,−1] then the Eq. (4)
yields:

𝑓 (𝜉) = coth(𝜉) − 2, where 𝜉 = 𝑘 𝑥 + 𝑘 𝑦 + 𝑘 𝑧 − 𝜈𝑡 (56)
6

1 2 3
The following cases are acquired.

Case 1.

𝐴0 = −
44𝑎2𝑘21
𝑎1

, 𝐴1 = 0, 𝐴2 = 0, 𝐵1 = −
144𝑎2𝑘21
𝑎1

, 𝐵2 = −
108𝑎2𝑘21
𝑎1

,

𝜈 =
𝑎3𝑘21 − 4𝑎2𝑘41 + 𝑎4𝑘

2
2 + 𝑎5𝑘

2
3

𝑘1
.

(57)

From Eqs. (10) and (56), we acquired:

𝑢(𝑥, 𝑦, 𝑧, 𝑡) =
4𝑎2𝑘21

[

1 + (8 − 11coth(𝜉))coth(𝜉)
]

𝑎1[−2 + coth(𝜉)]2
, (58)

where 𝜉 = 𝑘1𝑥 + 𝑘2𝑦 + 𝑘3𝑧 −
𝑎3𝑘21−4𝑎2𝑘

4
1+𝑎4𝑘

2
2+𝑎5𝑘

2
3

𝑘1
𝑡.

Case 2.

𝐴0 = −
36𝑎2𝑘21
𝑎1

, 𝐴1 = 0, 𝐴2 = 0, 𝐵1 = −
144𝑎2𝑘21
𝑎1

, 𝐵2 = −
108𝑎2𝑘21
𝑎1

,

𝜈 =
𝑎3𝑘21 + 4𝑎2𝑘41 + 𝑎4𝑘

2
2 + 𝑎5𝑘

2
3

𝑘1
.

(59)

From Eqs. (10) and (56), we acquired:

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = −
36𝑎2𝑘21

𝑎1[cosh(𝜉) − 2sinh(𝜉)]2
, (60)

where 𝜉 = 𝑘1𝑥 + 𝑘2𝑦 + 𝑘3𝑧 −
𝑎3𝑘21+4𝑎2𝑘

4
1+𝑎4𝑘

2
2+𝑎5𝑘

2
3

𝑘1
𝑡.

Family 7. If 𝑝 = [−2,−1, 1, 1] and 𝑞 = [0, 1, 0, 1] then the Eq. (4) yields:

𝑓 (𝜉) = −𝑒𝜉 − 2
1 + 𝑒𝜉

, where 𝜉 = 𝑘1𝑥 + 𝑘2𝑦 + 𝑘3𝑧 − 𝜈𝑡 (61)

The following cases are acquired.

Case 1.

𝐴0 = −
26𝑎2𝑘21
𝑎1

, 𝐴1 = 0, 𝐴2 = 0, 𝐵1 = −
72𝑎2𝑘21
𝑎1

, 𝐵2 = −
48𝑎2𝑘21
𝑎1

,

𝜈 =
𝑎3𝑘21 − 𝑎2𝑘

4
1 + 𝑎4𝑘

2
2 + 𝑎5𝑘

2
3

𝑘1
.

(62)

From Eqs. (10) and (61), we acquired:

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = −
2𝑎2𝑘21

[

4 + 𝑒𝜉
(

−8 + 𝑒𝜉
)]

(

𝜉
)2

, (63)

𝑎1 2 + 𝑒
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Fig. 8. (a) 3D plot of solution (55) with 𝑘1 = 𝑘2 = 𝑘3 = 1, 𝑦 = 𝑧 = 1, 𝑎1 = 𝑎2 = 𝑎3 = 𝑎4 = 𝑎5 = 1 (b) Corresponding 2D plot for 𝑡 = 1.
Fig. 9. (a) 3D plot of solution (58) with 𝑘1 = 𝑘2 = 𝑘3 = 0.1, 𝑦 = 𝑧 = 1, 𝑎1 = 𝑎2 = 𝑎3 = 𝑎4 = 𝑎5 = 1 (b) Corresponding 2D plot for 𝑡 = 1.
where 𝜉 = 𝑘1𝑥 + 𝑘2𝑦 + 𝑘3𝑧 −
𝑎3𝑘21−𝑎2𝑘

4
1+𝑎4𝑘

2
2+𝑎5𝑘

2
3

𝑘1
𝑡.

Case 2.

𝐴0 = −
24𝑎2𝑘21
𝑎1

, 𝐴1 = 0, 𝐴2 = 0, 𝐵1 = −
72𝑎2𝑘21
𝑎1

, 𝐵2 = −
48𝑎2𝑘21
𝑎1

,

𝜈 =
𝑎3𝑘21 + 𝑎2𝑘

4
1 + 𝑎4𝑘

2
2 + 𝑎5𝑘

2
3

𝑘1
.

(64)

From Eqs. (10) and (61), we acquired:

𝑢(𝑥, 𝑦, 𝑧, 𝑡) =
24𝑎2𝑘21𝑒

𝜉

𝑎1
(

2 + 𝑒𝜉
)2
, (65)

where 𝜉 = 𝑘1𝑥 + 𝑘2𝑦 + 𝑘3𝑧 −
𝑎3𝑘21+𝑎2𝑘

4
1+𝑎4𝑘

2
2+𝑎5𝑘

2
3

𝑘1
𝑡.

Family 8. If 𝑝 = [2 − 𝑖, 2 + 𝑖, 1, 1] and 𝑞 = [𝑖,−𝑖, 𝑖,−𝑖] then the Eq. (4)
yields:

𝑓 (𝜉) = tan(𝜉) + 2, where 𝜉 = 𝑘1𝑥 + 𝑘2𝑦 + 𝑘3𝑧 − 𝜈𝑡 (66)

The following cases are acquired.

Case 1.

𝐴0 = −
60𝑎2𝑘21
𝑎1

, 𝐴1 = 0, 𝐴2 = 0, 𝐵1 =
240𝑎2𝑘21
𝑎1

, 𝐵2 = −
300𝑎2𝑘21
𝑎1

,

𝜈 =
𝑎3𝑘21 − 4𝑎2𝑘41 + 𝑎4𝑘

2
2 + 𝑎5𝑘

2
3

𝑘1
.

(67)

From Eqs. (10) and (66), we acquired:

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = −
60𝑎2𝑘21 , (68)
7

𝑎1[2cos(𝜉) + sin(𝜉)]2
where 𝜉 = 𝑘1𝑥 + 𝑘2𝑦 + 𝑘3𝑧 −
𝑎3𝑘21−4𝑎2𝑘

4
1+𝑎4𝑘

2
2+𝑎5𝑘

2
3

𝑘1
𝑡.

Case 2.

𝐴0 = −
52𝑎2𝑘21
𝑎1

, 𝐴1 = 0, 𝐴2 = 0, 𝐵1 =
240𝑎2𝑘21
𝑎1

, 𝐵2 = −
300𝑎2𝑘21
𝑎1

,

𝜈 =
𝑎3𝑘21 + 4𝑎2𝑘41 + 𝑎4𝑘

2
2 + 𝑎5𝑘

2
3

𝑘1
.

(69)

From Eqs. (10) and (66), we acquired:

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = −
4𝑎2𝑘21 [7 + tan(𝜉)(−8 + 13tan(𝜉))]

𝑎1[2 + tan(𝜉)]2
, (70)

where 𝜉 = 𝑘1𝑥 + 𝑘2𝑦 + 𝑘3𝑧 −
𝑎3𝑘21+4𝑎2𝑘

4
1+𝑎4𝑘

2
2+𝑎5𝑘

2
3

𝑘1
𝑡.

Family 9. If 𝑝 = [2, 0, 1,−1] and 𝑞 = [1, 0, 𝑖,−𝑖] then the Eq. (4) yields:

𝑓 (𝜉) = −1 + cot(𝜉), where 𝜉 = 𝑘1𝑥 + 𝑘2𝑦 + 𝑘3𝑧 − 𝜈𝑡 (71)

The following cases are acquired.

Case 1.

𝐴0 = −
16𝑎2𝑘21
𝑎1

, 𝐴1 = 0, 𝐴2 = 0, 𝐵1 = −
48𝑎2𝑘21
𝑎1

, 𝐵2 = −
48𝑎2𝑘21
𝑎1

,

𝜈 =
𝑎3𝑘21 + 4𝑎2𝑘41 + 𝑎4𝑘

2
2 + 𝑎5𝑘

2
3

𝑘1
.

(72)

From Eqs. (10) and (71), we acquired:

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = −
16𝑎2𝑘21

[

cot(𝜉) + csc(𝜉)2
]

, (73)

[−1 + cot2(𝜉)]
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Fig. 10. (a) 3D plot of solution (73) with 𝑘1 = 𝑘2 = 𝑘3 = 0.1, 𝑦 = 𝑧 = 1, 𝑎1 = 𝑎2 = 𝑎3 = 𝑎4 = 𝑎5 = 0.1 (b) Corresponding 2D plot for 𝑡 = 1.
where 𝜉 = 𝑘1𝑥 + 𝑘2𝑦 + 𝑘3𝑧 −
𝑎3𝑘21+4𝑎2𝑘

4
1+𝑎4𝑘

2
2+𝑎5𝑘

2
3

𝑘1
𝑡.

Case 2.

𝐴0 = −
24𝑎2𝑘21
𝑎1

, 𝐴1 = −
24𝑎2𝑘21
𝑎1

, 𝐴2 = −
12𝑎2𝑘21
𝑎1

, 𝐵1 = 0, 𝐵2 = 0,

𝜈 =
𝑎3𝑘21 − 4𝑎2𝑘41 + 𝑎4𝑘

2
2 + 𝑎5𝑘

2
3

𝑘1
.

(74)

From Eqs. (10) and (71), we acquired:

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = −
12𝑎2𝑘21
𝑎1

csc2(𝜉), (75)

where 𝜉 = 𝑘1𝑥 + 𝑘2𝑦 + 𝑘3𝑧 −
𝑎3𝑘21−4𝑎2𝑘

4
1+𝑎4𝑘

2
2+𝑎5𝑘

2
3

𝑘1
𝑡.

Case 3.

𝐴0 = −
16𝑎2𝑘21
𝑎1

, 𝐴1 = −
24𝑎2𝑘21
𝑎1

, 𝐴2 = −
12𝑎2𝑘21
𝑎1

, 𝐵1 = 0, 𝐵2 = 0,

𝜈 =
𝑎3𝑘21 + 4𝑎2𝑘41 + 𝑎4𝑘

2
2 + 𝑎5𝑘

2
3

𝑘1
.

(76)

From Eqs. (10) and (71), we acquired:

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = −
4𝑎2𝑘21
𝑎1

[

1 + 3cot2(𝜉)
]

, (77)

where 𝜉 = 𝑘1𝑥 + 𝑘2𝑦 + 𝑘3𝑧 −
𝑎3𝑘21+4𝑎2𝑘

4
1+𝑎4𝑘

2
2+𝑎5𝑘

2
3

𝑘1
𝑡.

Family 10. If 𝑝 = [−2 − 𝑖,−2 + 𝑖, 1, 1] and 𝑞 = [𝑖,−𝑖, 𝑖,−𝑖] then the
Eq. (4) yields:

𝑓 (𝜉) = tan(𝜉) − 2, where 𝜉 = 𝑘1𝑥 + 𝑘2𝑦 + 𝑘3𝑧 − 𝜈𝑡 (78)

The following cases are acquired.

Case 1.

𝐴0 = −
60𝑎2𝑘21
𝑎1

, 𝐴1 = 0, 𝐴2 = 0, 𝐵1 = −
240𝑎2𝑘21
𝑎1

, 𝐵2 = −
300𝑎2𝑘21
𝑎1

,

𝜈 =
𝑎3𝑘21 − 4𝑎2𝑘41 + 𝑎4𝑘

2
2 + 𝑎5𝑘

2
3

𝑘1
.

(79)

From Eqs. (10) and (78), we acquired:

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = −
60𝑎2𝑘21sec(𝜉)2

, (80)
8

𝑎1[−2 + tan(𝜉)]2
where 𝜉 = 𝑘1𝑥 + 𝑘2𝑦 + 𝑘3𝑧 −
𝑎3𝑘21−4𝑎2𝑘

4
1+𝑎4𝑘

2
2+𝑎5𝑘

2
3

𝑘1
𝑡.

Case 2.

𝐴0 = −
52𝑎2𝑘21
𝑎1

, 𝐴1 = 0, 𝐴2 = 0, 𝐵1 = −
240𝑎2𝑘21
𝑎1

, 𝐵2 = −
300𝑎2𝑘21
𝑎1

,

𝜈 =
𝑎3𝑘21 + 4𝑎2𝑘41 + 𝑎4𝑘

2
2 + 𝑎5𝑘

2
3

𝑘1
.

(81)

From Eqs. (10) and (78), we acquired:

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = −
4𝑎2𝑘21 [7 + tan(𝜉)(8 + 13tan(𝜉))]

𝑎1[−2 + tan(𝜉)]2
, (82)

where 𝜉 = 𝑘1𝑥 + 𝑘2𝑦 + 𝑘3𝑧 −
𝑎3𝑘21+4𝑎2𝑘

4
1+𝑎4𝑘

2
2+𝑎5𝑘

2
3

𝑘1
𝑡.

Family 11. If 𝑝 = [2, 1, 1, 1] and 𝑞 = [1, 0, 1, 0] then the Eq. (4) yields:

𝑓 (𝜉) = 1 + 2𝑒𝜉

1 + 𝑒𝜉
, where 𝜉 = 𝑘1𝑥 + 𝑘2𝑦 + 𝑘3𝑧 − 𝜈𝑡 (83)

The following cases are acquired.

Case 1.

𝐴0 = −
26𝑎2𝑘21
𝑎1

, 𝐴1 = 0, 𝐴2 = 0, 𝐵2 = −
48𝑎2𝑘21
𝑎1

, 𝐵1 =
72𝑎2𝑘21
𝑎1

,

𝜈 =
𝑎3𝑘21 − 𝑎2𝑘

4
1 + 𝑎4𝑘

2
2 + 𝑎5𝑘

2
3

𝑘1
.

(84)

From Eqs. (10) and (83), we acquired:

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = −
2𝑎2𝑘21

[

1 + 4𝑒𝜉
(

−2 + 𝑒𝜉
)]

𝑎1
(

1 + 2𝑒𝜉
)2

, (85)

where 𝜉 = 𝑘1𝑥 + 𝑘2𝑦 + 𝑘3𝑧 −
𝑎3𝑘21−𝑎2𝑘

4
1+𝑎4𝑘

2
2+𝑎5𝑘

2
3

𝑘1
𝑡.

Case 2.

𝐴0 = −
24𝑎2𝑘21
𝑎1

, 𝐴1 = 0, 𝐴2 = 0, 𝐵2 = −
48𝑎2𝑘21
𝑎1

, 𝐵1 =
72𝑎2𝑘21
𝑎1

,

𝜈 =
𝑎3𝑘21 + 𝑎2𝑘

4
1 + 𝑎4𝑘

2
2 + 𝑎5𝑘

2
3

𝑘1
.

(86)

From Eqs. (10) and (83), we acquired:

𝑢(𝑥, 𝑦, 𝑧, 𝑡) =
24𝑎2𝑘21𝑒

𝜉

𝑎1
(

1 + 2𝑒𝜉
)2
, (87)

where 𝜉 = 𝑘 𝑥 + 𝑘 𝑦 + 𝑘 𝑧 −
𝑎3𝑘21+𝑎2𝑘

4
1+𝑎4𝑘

2
2+𝑎5𝑘

2
3 𝑡.
1 2 3 𝑘1
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Fig. 11. The dispersion relation between frequency and wave number when N =𝑀 =
1, 𝑎1 = 𝑎2 = 𝑎3 = 𝑎4 = 𝑎5 = 1.

Linear stability analysis

In section, the linear stability analysis [37,38] will be applied to
study the stability analysis for the Eq. (1). The perturbed solution of
the considered equation is given by

𝑢 = 𝑝 + 𝜆𝑞[𝑥, 𝑦, 𝑧, 𝑡], (88)

where 𝑝 is the steady state solution of the Eq. (1). Substituting Eq. (88)
into Eq. (1), we get

𝜆𝑎5𝑞𝑧𝑧+𝜆𝑎4𝑞𝑧𝑧+𝜆2𝑎1𝑞2𝑥+𝜆𝑞𝑡𝑥+𝑝𝜆𝑎1𝑞𝑥𝑥+𝜆
2𝑎1𝑞 𝑞𝑥𝑥+𝜆𝑎3𝑞𝑥𝑥+𝜆𝑎2𝑞𝑥𝑥𝑥𝑥 = 0.

(89)

By linearization Eq. (89), we get

𝑞𝑡𝑥 +
(

𝑝𝑎1 + 𝑎3
)

𝑞𝑥𝑥 + 𝑎2𝑞𝑥𝑥𝑥𝑥 + 𝑎4𝑞𝑦𝑦 + 𝑎5𝑞𝑧𝑧 = 0, (90)

Suppose that (90) has a solution of the form

𝑞 = 𝜌𝑒𝑖(𝑡𝑊 +𝑀𝑥+𝑁𝑦+𝐾𝑧), (91)

where 𝑀,𝑁 , and 𝐾 are the normalized wave numbers, substituting
(91) into (90), then by solving for 𝑊 , we acquire

𝑊 =
−𝑀2𝑝𝑎1 +𝑀4𝑎2 −𝑀2𝑎3 −𝑁2𝑎4 −𝐾2𝑎5

𝑀
, (92)

In Fig. 11, the sign of 𝑊 is negative for all 𝐾 values. Therefore, the
dispersion is stable.

Physical interpretation

In this section, we present some three-dimensional corresponding
two-dimensional graphs of the modulus of some of the obtained so-
lutions presented in the previous section. The graphical features of
obtained solutions are presented to shed more light on the characteris-
tics of the obtained solutions. From the above Figs. 1–10, one can see
that the obtained solutions possess the exact periodic wave solutions
and soliton solutions. The construction of the figures is carried out by
taking the suitable values of the parameters.

Conclusions

The generalized (3+1)-dimensional NLWE, which describes a variety
of nonlinear events in liquid containing gas bubbles, has been taken
into consideration in this article. To find fresh soliton solutions for the
model under consideration, the new GERFM is used. The stability of the
model is examined using the modulation instability analysis. To further
illustrate the dynamical behavior of the solutions, the discovered solu-
tions are displayed in 3D and 2D graphs. Furthermore, one future goal
is to find possible other soliton solutions of this model by using similar
integration techniques.
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