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Abstract. In a right quaternionic Hilbert space, for a bounded right lin-
ear operator, the Kato S-spectrum is introduced and studied to a certain
extent. In particular, it is shown that the Kato S-spectrum is a non-
empty compact subset of the S-spectrum and it contains the boundary
of the S-spectrum. Using right-slice regular functions, local S-spectrum,
at a point of a right quaternionic Hilbert space, and the local spectral
subsets are introduced and studied. The S-surjectivity spectrum and its
connections to the Kato S-spectrum, approximate S-point spectrum and
local S-spectrum are investigated. The generalized Kato S-spectrum is
introduced and it is shown that the generalized Kato S-spectrum is a
compact subset of the S-spectrum.
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1. Introduction

In complex spectral theory, the spectrum of a bounded linear operator on a
Hilbert space or Banach space can be divided into several subsets depending
on the purpose of the investigation. Further, some of these subsets can also
be expressed and analyzed in terms of the local spectrum at a point of the
Hilbert space or Banach space. The local spectral theory is closely linked to
vector-valued analytic functions. As one of these subsets, the so-called Kato
spectrum was first introduced by Apostol for bounded linear operators on a
Hilbert space [5], and then investigated by several authors on Banach spaces.
The Kato spectrum has close link to surjectivity spectrum and approximate
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point spectrum under certain assumptions. For a detailed account on the
complex theory see [2,6,21], and the many references therein.

In the complex setting, in a complex Hilbert space §), for a bounded
linear operator, A, the spectrum is defined as the set of complex numbers A
for which the operator Qx(A) = A — M, where I is the identity operator
on $), is not invertible. In the quaternionic setting, let V]Hlf be a separable
right quaternionic Hilbert space, A be a bounded right linear operator, and
Rq(A) = A? — 2Re(q)A + \q|2]IVHR, with q € H, the set of all quaternions,
be the pseudo-resolvent operator. The S-spectrum is defined as the set of
quaternions q for which R,(A) is not invertible. In the complex case various
classes of spectra, such as approximate point spectrum, essential spectrum,
Weyl spectrum, Browder spectrum, Kato spectrum, surjectivity spectrum
etc. are defined by placing restrictions on the operator Qx(A) [2,20,21]. In
this regard, in the quaternionic setting, in order to define similar classes of
spectra it is natural to place the same restrictions to the operator Rq(A).

Due to the non-commutativity, in the quaternionic case there are three
types of Hilbert spaces: left, right, and two-sided, depending on how vectors
are multiplied by scalars. This fact can entail several problems. For example,
when a Hilbert space H is one-sided (either left or right) the set of linear
operators acting on it does not have a linear structure. Moreover, in a one
sided quaternionic Hilbert space, given a linear operator A and a quaternion
q € H, in general we have that (qA)" # A" (see [1,24] for details). These
restrictions can severely prevent the generalization to the quaternionic case of
results valid in the complex setting. Even though most of the linear spaces are
one-sided, it is possible to introduce a notion of multiplication on both sides
by fixing an arbitrary Hilbert basis of H. This fact allows to have a linear
structure on the set of linear operators, which is a minimal requirement to
develop a full theory [22,23]. However, in this manuscript, all quaternionic
Hilbert spaces V]H’f are considered as separable, and we develop the theory on
Vit without introducing a left multiplication on it.

As far as we know, the local S-spectral theory, Kato S-spectrum and
the surjectivity S-spectrum have not been studied in the quaternionic setting
yet. In this regard, in this note we investigate these spectra in the quater-
nionic setting. The surjectivity S-spectrum has close connection with the
approximate S-point spectrum, the local S-spectrum and Kato S-spectrum.
In the complex case, the local spectrum, at a point in §), is defined in terms of
operator-valued analytic functions [2,21]. There have been several attempts
to define analyticity in the quaternionic setting by mimicking the complex
setting [7]. However, the most promising, and recent attempt was the slice-
regularity, that is, the slice-regular functions are the quaternionic counterpart
of the complex analytic functions [11,15-18,26]. In this regard, we define the
local S-spectrum in terms of slice-regular functions.

Apart from the non-commutativity of quaternions, due to the structure
of the operator Rq(A) we have experienced severe difficulties in extending
several results valid in the complex setting to quaternions. For example, for
Ap€C,Qi(A) =Qu(A) — (A — p)ly and this equality plays an important
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role in proofs of several local spectral results [2,21]. Unfortunately, a sim-
ilar equality, in a satisfactory way, could not be obtained for the operator
R,(A) by us. Even if we restrict R,(A) to a complex slice within quater-
nions @Qx(A4) # Rx(A), therefore, we cannot expect all the results valid in the
complex setting to hold for quaternions. However, by imposing additional
conditions analogous results may be obtained.

The article is organized as follows. In Sect. 2 we introduce the set of
quaternions, quaternionic Hilbert spaces and their bases, and slice-regularity
as needed for the development of this article, which may not be familiar to a
broad range of audience. In Sect. 3 we define and investigate, as needed, right
linear operators and their properties. In Sect. 3.1 we deal with the S-spectrum
and its major partitions. In Sect. 4 we study the surjectivity S-spectrum and
its connection to approximate S-point spectrum and to the S-spectrum. We
also characterize the S-spectrum in terms of the spectral radius and the
lower bound of a bounded right linear operator. In Sect. 5 we study hyper-
kernel, hyper range, semi-regular operators, algebraic core and analytic core
of an operator. The proofs of most of the results in this section follow its
complex counterpart. In this respect we give references for complex proofs. In
Sect. 6 we study local S-spectrum, local S-spectral subspaces and the single-
valued extension property (SVEP) (see Definition 6.1). In particular, we show
that when a quaternionic right linear operator A has SVEP then the S-
surjectivity spectrum coincides with the S-spectrum while if its adjoint At has
SVEP then S-approximate point spectrum coincides with the S-spectrum.
In Sect. 7 we introduce and study the Kato S-spectrum. In particular, we
show that the Kato S-spectrum is a compact subset of the S-spectrum and
it contains the boundary of the S-spectrum. We also examine connections
between Kato S-spectrum and the S-surjectivity and S-approximate point
spectra. It is also shown that if operators A and A" have SVEP then the
Kato S-spectrum coincides with the S-spectrum. In Sect. 8 we introduce the
generalized Kato decomposition, generalized Kato S-spectrum and essentially
semi-regular S-spectrum. In particular, we show that generalized Kato S-
spectrum and essentially semi-regular S-spectrum are compact subsets of
the S-spectrum. Section 9 ends the manuscript with a conclusion.

2. Mathematical Preliminaries

In order to make the paper self-contained, we recall some facts about quater-
nions which may not be well-known. For details we refer the reader to
[1,11,15,27].

2.1. Quaternions

Let H denote the field of all quaternions and H* the group (under quaternionic
multiplication) of all invertible quaternions. A general quaternion can be
written as

qg=qo+qi+qj+ak, q,q, 9,95 ¢cR,
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where i, j,k are the three quaternionic imaginary units, satisfying i2 = j? =
k? = —1 and ij = k = —ji, jk =i = —kj, ki = j = —ik. The quaternionic
conjugate of q is

q=qo —iq1 — jgo — kgs,

while |q| = (qq)'/? denotes the usual norm of the quaternion g. If q is a
non-zero element, it has the inverse q=! = # Finally, the set

S ={I = zyi+ x2j + a3k | 1,72, 73 € R, 27 + 23 + 23 = 1},

contains all the elements whose square is —1. It is a 2-dimensional sphere in
H.

2.2. Quaternionic Hilbert Spaces

In this subsection we discuss right quaternionic Hilbert spaces. For more
details we refer the reader to [1,15,27].

2.2.1. Right Quaternionic Hilbert Space. Let Vi?* be a vector space under
right multiplication by quaternions. For ¢, 9, w € V]}f and q € H, the inner
product

(e Vg x Vg —H

satisfies the following properties

(i) (¢ ¢>VH = (¢ | ¢>VHR

(ii) ||¢||%/HR = (¢ | ¢)yr > 0 unless ¢ = 0, a real norm

(ili) (¢ [ ¥ +w)yr = (@[ V)yr + (¢ |w)yr
(iv) (o | va)yr = (¢ | ¥)yrq
(v) (da | ¥)vr =a(¢ [ Y)yr

where q stands for the quaternionic conjugate. It is always assumed that
the space V;f' is complete under the norm given above and separable. Then,
together with (- | -} this defines a right quaternionic Hilbert space. Quater-
nionic Hilbert spaces share many of the standard properties of complex
Hilbert spaces. All the spaces considered in this manuscript are right quater-
nionic Hilbert spaces.

The field of quaternions H itself can be turned into a left quaternionic
Hilbert space by defining the inner product (q | ¢’) = qq’ or into a right
quaternionic Hilbert space with (q | q') =qq’.

Proposition 2.1. [16] For any non-real quaternion q € H\R, there exist, and
are unique, x,y € R with y > 0, and I € S such that q =z + yl.

Definition 2.2. (Slice-reqular functions [12,16,18] Let Q be a domain in H. A
real differentiable (i.e., with respect to o and the z;, i = 1,2, 3) operator-
valued function f : @ — Vi is said to be slice right regular if, for every
quaternion I € S, the restriction of f to the complex plane L; = R + IR
passing through the origin, and containing 1 and I, has continuous partial
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derivatives (with respect to z and y, every element in L; being uniquely
expressible as x + yI) and satisfies

1 (0fi(x+yl)  Ofi(x+yl),\
2( ox + oy I)_()’

Orf(z+yl) = (2.1)

where fr = flanz,-

With this definition all monomials of the form ¢q", ¢ € Vi, n € N,
are slice right regular. Since regularity respects addition, all polynomials of
the form f(q) = Y., #:q°, with ¢; € Viff, are slice right regular. Further,
an analog of Abel’s theorem guarantees convergence of appropriate infinite
power series.

Definition 2.3. [12] Let f: Q C H — V;f and q = 2 + yI € Q. If q is not
real then we say that f admits right-slice derivative in a non-real point q if

dsf(a)=_lm  (fi(p) — fr(a)(p—a)"

p—q,pELS

exists and finite for any I € S.

Under the above definition the slice derivative of a regular function is
regular. For ¢,, € Vif' we have

Os (Z ¢nq”> = Zmbnq”_l. (2.2)
n=0 n=1

The following theorem gives the quaternionic version of holomorphy via a
Taylor series. Let By (0,7) be an open ball in H, of radius r > 0 and center
at 0.

Theorem 2.4. [12,17] A function f : By(0,r) — Vi is right regular if and
only if it has a series expansion of the form

f@ =3 =2 gy

nl Arn
= n! oxr

converging on By (0,r).

Remark 2.5. In general slice-regular functions are not continuous [18]. How-
ever, under certain assumptions slice continuity can be obtained, see Defi-
nition 2.7 in [13], and even it can be assumed if necessary [12,13]. In this
regard, in this manuscript, we assume continuity for a right regular function
wherever needed and still call them simply right regular function.

3. Right Quaternionic Linear Operators and Some Basic
Properties

In this section we shall define right H-linear operators and recall some basic
properties. Most of them are very well known. In this manuscript, we follow
the notations in [3,15]. We shall also recall some results pertinent to the
development of the paper.



40 Page 6 of 33 K. Thirulogasanthar, B. Muraleetharan = Adv. Appl. Clifford Algebras

Definition 3.1. A mapping A : Vi — UJ is said to be right H-linear oper-
ator or, for simplicity, right linear operator, if

A(dq +vp) = (Ag)a + (AY)p, if ¢, 9 € Vi’ and q,p € H.
The set of all right linear operators from Vi to U will be denoted by

L(VE UL) and the identity linear operator on Vi will be denoted by Iyr.
For a given A € L(Vif¥, Uf), the range and the kernel will be

ran(A) = {y € UL | Ap =1 for ¢ € Vif'}
ker(A) = {¢ € Vi | Ap = 0}.
We call an operator A € L(Vi*, Uf) bounded (or continuous) if

[All = sup [[A¢|yn < oo, (3.1)
llly,r=1

or equivalently, there exist K > 0 such that ||A¢HU]§§ < K||¢||VEfa for all
¢ € ViE. The set of all bounded right linear operators from Vi% to UZ will
be denoted by B(Vi, UL). The set of all bounded right linear operators from
Vit to Vit will be denoted by B(Vif). Set of all invertible bounded right linear
operators from Vﬂf to Uﬂlf will be denoted by Q(Vﬂf, Uﬁf). We also denote for

aset ACH, A*={q|qe A}
Assume that Vi is a right quaternionic Hilbert space, A is a right linear
operator acting on it. Then, there exists a unique linear operator Af such that

(¥ | Ap)yr = (AT | @)ym;  for all ¢ € D(A),4 € D(AD), (3.2)
where the domain D(AT) of AT is defined by
D(A") = {¢ € Ugi | Jp such that (¢ | Ag)yr = (¢ | Shyz}

The following theorem gives two important and fundamental results about
right H-linear bounded operators which are already appeared in [15] for the
case of Vit = Uf}. Point (b) of the following theorem is known as the open
mapping theorem.

Theorem 3.2. [25] Let A : Vit — UL be a right H-linear operator. Then
(a) A€ BV UR) if and only if A is continuous.
(b) if A € B(ViE UL) is surjective, then A is open. In particular, if A is
bijective then A=t € B(ViE, UL).
Proposition 3.3. [15,25] Let A € B(Vif*, Uf). Then
(a) ran(A)*+ = ker(AT).
(b) ker(A) = ran(AT)*+.
(c) ker(A) is closed subspace of ViF.
Proposition 3.4. [15] If A € B(VifY), then AT € B(Vif),||A| = ||AT| and
IATAll = || All.

Definition 3.5. [2] An operator A € B(V;) is said to be bounded below if A
is injective and has closed range.
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Proposition 3.6. A € B(V;) is bounded below if and only if there exists K >
0 such that ||[A¢|| > K| || for all ¢ € V.

Proof. A proof follows exactly as a complex proof. For a complex proof see
[2], page 15. O

Proposition 3.7. Let A € B(Vi). Then A? is bounded below if and only if A
is bounded below (hence A™ is bounded below for any n € N if and only if A
is bounded below).

Proof. Suppose A is bounded below. Then ker(A) = {0} and A(V;£) is closed.
Since ker(A42%) C ker(A) and the image of a closed set under continuous map
is closed, A? is bounded below. Conversely, suppose A% is bounded below.
Then ker(A?) = {0} and A%(V;f) is closed. Let ¢ € Vi and A(¢) = 0, then
A%(¢) = A(0) = 0 thus ¢ = 0, and hence A is injective. Let {¢,} € A(V;)
such that ¢, — ¢ as n — oo, then A(¢,) — A(¢) as n — oo. Therefore
A(9) € A2(ViE) and hence ¢ € A(Vif). Therefore, A(ViF) is closed. O

Theorem 3.8. [25] (Bounded inverse theorem) Let A € B(ViE, UE), then the
following statements are equivalent.

(a) A has a bounded inverse on its range.
(b) A is bounded below.
(¢) A is injective and has a closed range.

Proposition 3.9. [25] Let A € B(Vi*, UE), then ran(A) is closed in UL if and
only if ran(A") is closed in Vit

Proposition 3.10. Let A, B € B(Vif). Assume that AB = BA. Then AB is
inwertible if and only if both A and B are invertible.

Proof. A proof follows its complex counterpart. For a complex proof see [14],
page 213. O

Definition 3.11. [21] Let A € B(V{). A closed subspace M C Vi is said to

be A-invariant if A(M) C M, where A(M) = {A¢ | ¢ € M}. Tt is said to be
A-hyperinvariant if B(M) C M for every B € B(V;{t) that commutes with A.

If A € B(Vif), in order to be compatible with the inner product in Vi¥,
the scalar multiplication of A is defined as

(qA)(¢) = A(¢)g, qeH
Note that the operator qA obtained by scalar multiplication is not H-linear

in general, if q ¢ R.
3.1. S-Spectrum

For a given right linear operator A : Vi — Vi and q € H, we define the
operator Ry(A): D(A?) — H by

Rq(A) = A* — 2Re(q)A + |C||2]Ivﬁ*a
where q = qo + iq1 + jg2 + kg3 is a quaternion, Re(q) = qo and [q]* =
a5 +ai + a3 + a3
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In the literature, the operator is called pseudo-resolvent since it is not
the resolvent operator of A but it is the one related to the notion of spectrum
as we shall see in the next definition. For more information, on the notion
of S-spectrum the reader may consult e.g. [8,9,11,12,15]. In this setting, for
q € H, we can easily see that

Rq(A)=A% — 2Re(q)A+|q*=(A — qlyz) (A = lyr)=(A — qlyr) (A — qlyr),
where Ry(A) is linear in Vif* while A — qly,z and A —@lyx are not linear in
Vit

Definition 3.12. Let A : Vi — VI be a right linear operator. The S-
resolvent set (also called spherical resolvent set) of A is the set ps(A) (C H)
such that the three following conditions hold true:

(a) ker(Rq(A)) = {0}

(b) ran(Rq(A)) is dense in Vift.

(¢) Rq(A)~! :ran(R4(A)) — D(A?) is bounded.
The S-spectrum (also called spherical spectrum) og(A) of A is defined by
setting og(A) := H \ ps(A4). For a bounded linear operator A we can write
the resolvent set as

ps(A) = {a € H | Ry(4) € G(ViF))
= {q € H| Ry(A) has an inverse in B(Vif)}
— {q € H | ker(Ry(A4)) = {0} and ran(Rq(A)) = ViF}
and the spectrum can be written as
os(4) = H\ ps(4)
= {q € H | Ry(A) has no inverse in B(V;{*)}
— {q € H | ker(Rq(A) £ {0} or ran(Rqe(A)) # Vif}.
The spectrum og(A) decomposes into three major disjoint subsets as follows:

(i) the spherical point spectrum of A:
ops(A) :={q € H | ker(Rq(A4)) # {0}}.
(ii) the spherical residual spectrum of A:
ors(A) = {q € H | ker(Rq(4)) = {0}, ran(Rq(A)) # V' }.
(iii) the spherical continuous spectrum of A:
oes(A) == {g € H | ker(Rq(A)) = {0}, ran(Rq(A)) = Vii', Rq(A) ™" ¢ B(V') }.

If Ap = ¢q for some q € H and ¢ € V;F {0}, then ¢ is called an eigenvector
of A with right eigenvalue q. The set of right eigenvalues coincides with the
point S-spectrum, see [15], Proposition 4.5.

Note also that the function q — Ry(A) is continuous and Rq(A)~! is
continuous on pg(A4) [12].

Proposition 3.13. [10,15] For A € B(V}ft), the resolvent set ps(A) is a non-
empty open set and the spectrum og(A) is a non-empty compact set.
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Remark 3.14. For A € B(V{l'), since o5(A) is a non-empty compact set so is
its boundary. That is, dog(A) = dps(A4) # 0.

4. Surjectivity S-Spectrum and Approximate S-Point
Spectrum

Following the complex case, for A € B(V{), the approximate S-point spec-
trum was studied in [25]. We recall the definition and some results from [25]
as needed here. Then we define and study the surjectivity S-spectrum, in
the quaternionic setting, following its complex counterpart. For the theory of
complex surjectivity spectrum we refer the reader to [2,21].

Definition 4.1. [25] Let A € B(V;f). The approzimate S-point spectrum of A,
denoted by Ufp(A), is defined as

afp(A) = {q € H | there is a sequence {¢, }n; such that ||¢,]]
— 1 and [[Ry(A)nll — 0},

Proposition 4.2. [25] Let A € B(Vi'), then o,5(A) C 0}, (A).

Proposition 4.3. [25] If A € B(Vi®) and q € H, then the following statements
are equivalent.
(a) q & 0a5,(A).
(b) ker(Rq(A)) = {0} and ran(Rq4(A)) is closed.
(c) There exists a constant ¢ € R, ¢ > 0 such that |Rq(A)o|| > c||¢]| for all
¢ € D(A?).

Theorem 4.4. [25] Let A € B(Vift), then afp(A) is a non-empty closed subset

of H and dog(A) C ng(A), where dog(A) is the boundary of os(A).

Theorem 4.5. [25] Let A € B(ViY) and q € H, then the following statements
are equivalent.

(a) 0 & 05,(A).
(b) ran(Rg(A")) = Vit

Proposition 4.6. [25] If A € B(Vif'), then dos(A) C 05,(A) Nog,(AN)*.

Following the complex formalism in the following we define the S-
compression spectrum for an operator A € B(V;{).

Definition 4.7. The spherical compression spectrum of an operator A €
B(V;if), denoted by o2 (A), is defined as

03(A) = {q € H | ran(R4(A)) is not dense in Vif* }.

c

Proposition 4.8. Let A € B(V{') and q € H. Then,
(a) q € 0 (A) if and only if § € o,5(A).
(b) os(A) = 05,(A)UaZ(A).
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Proof. (a) Using the fact that ran(R,(A)) = ran(Rg(AT)) (see e.g. Propo-
sition 2.19 in [15]), one can easily see that q € 07(A) < ker(Rq(A))* C
ket (Rq(A)) — ran(Rq(AT)) = tan(Rq(A)) # Vi & ker(Ry(4)) £ {0} &
q € ops(A). The spherical point spectrum o,5(A) is circular (see e.g. [15]),
50 q € ops(A) & g € gps(A). The point (b) is known (see e.g. point (c) of
Proposition 5.8. in [25]). O

Since the S-surjectivity spectrum and its connection to other parts of the
spectrum have not been addressed yet, we shall define it and study some of
its properties according to [21]. Later we shall also investigate its connection
to Kato S-spectrum and local S-spectrum.

Definition 4.9. Let A € B(Vi). The surjectivity S-spectrum of A is defined
as

05,(A) = {q € H | ran(Re(A) # V).

Clearly we have
0(A) C oS (A) and og(A) = ops(A) U as (A). (4.1)

The point (c) in the following Proposition is already known, see e.g. Propo-
sition 4.7 in [15]. In the following Proposition, we provide a different proof
for it.

Proposition 4.10. Let A € B(VifY). Then A has the following properties.
(a) 7s(A4) C 7 (A1) and 05(A) = aps(AT).
(b) 05,(A) = 05,(AT) and 03,(A) = o, (AT).

(c) o5(A) = os(AT).

Proof. (a) Let q € H\ o5 (AT), then ran(R,(AT)) is dense in V;F. From Propo-
sition 3.3 we have ker(Rq(A)) = ran(Rq(A"))*. Let ¢ € ker(Rq(A)) and let
Y € ran(Ry(AT)) = ViF. Then there exists a sequence {¢,,} C ran(Rq(A"))
such that ,, — ¥ as n — oco. Further, since (¢|¢,,) = 0 for all n, we have
(¢|Y)) = 0. That is, (¢[t)) = 0 for all ¥ € Vi, and hence ¢ = 0. Therefore
ker(Ry(A)) = {0} and which implies q € H\ 0,5(A4). Thus o,5(A) C o (AT).
By the preceding paragraph, o,s(A") C o9(A). To see other inclusion,
take q ¢ 0,5(A"). Then ker(R4(A")) = ran(Rq(A))* = {0}. This implies
ran(Ry(A)) = Vif!. Thus q ¢ o5(A).

(b) Given any q € H \ 05,(A), we have ran(R4(A)) = V. Since, by Propo-
sition 3.3, ran(Rq(A))t = ker(Rq(A)T), we get ker(R4(A")) = {0}. There-
fore, by the bounded inverse theorem, Ry(AT)~! is bounded, so R4(AT) is
bounded below. Therefore, by Proposition 4.3, we have q € H \ afp(AT),
and hence o5,(AT) C 03, (A). Conversely, let q ¢ o}, (A") then by Proposi-
tion 4.3 we have ker(Rq(AT)) = {0} and ran(Rq(A")) is closed. Therefore,
ran(Ry(A)) = ker(Rq(A"))+ = {0}t = V. Thus q ¢ o3,(T), and hence
a2 (A) C afp(AT). All together we get 0 (A) = afp(AT).

For the second equality, let q ¢ Ufp(A), then by Proposition 4.3 we
have ker(Rq(A)) = {0} and ran(R4(A)) is closed. Therefore, by Proposi-
tion 3.9, ran(Ry(AT)) is closed, and also by Proposition 3.3, Vi = {0}+ =
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ker(Ry(A))* = ran(Rq(AT)). Thus q ¢ o3, (A), hence o5, (AT) C (A) For
the other inclusion, let q ¢ o3, (AT), then ran(R, (AT)) = V& By Proposi—
tion 3.3, ran(R, (AT)) = ker(Rq( )) = {0}. Since ran(R4(AT)) is closed,
by Proposition 3.9, ran(Rq(A)) is closed. Therefore, by Proposition 4.3,
q ¢ o5,(A), and hence 05,(A) C 05, (A"). Thus ¢5,(A) = 035, (AT).
(¢) From part(b) of Proposition 4.8, above parts (a),(b) and Equation (4.1),
we get

05(A) = 05, (A) Uoe(A) = 03, (AT) Uy (AT) = a5 (AT).

O

Proposition 4.11. For A € B(V;f), 03, (A) is closed and dos(A) C o5, (A).

Proof. Let A € B(VH) then by Proposition 3.4, AT € B(V;f!). Therefore,
by Theorem 4.4, o (AT) is closed and 8JS(AT) fp(AT). By Proposi-
tion 4.10, 03, (A) = o5,(AT) and 05(A) = o5(AT). Hence 03, (A) is closed
and dog(A) C o2 (A). O
Proposition 4.12. Let A € B(VifY) and M, N be two closed A-invariant sub-
spaces of Vit such that Vif® = M & N. Then

() 05,(A) = 00, (Aln) U g, (Aln);
(b) 02,(A) = 03, (Alm) Uod, (Aln);

(¢) o5(4) = US(AIM) Uas(Aln).

Proof. (a) Let Py : Vi® — M be the projection operator. Clearly Py
commutes with A. It is easily seen that ker(A) = ker(A|y) @ ker(A|y) and
A(ViE) = A(M) @ A(N). Thus, A is injective if and only if A|y; and Ay are
injective.
Claim: A(Vi) is closed if and only if A(M) and A(N) are closed in M and
N respectively.

If A(V;E) is closed, then A(M) = APy (Vi) = Py (A(VE)) = A(VE) n
M. Therefore A(M) is closed in M. Similarly A(N) is closed in N. Conversely,
assume that A(M) is closed in M and A(N) is closed in N. Since the mapping
U:MxN — M@ N defined by ¥U((¢,9)) = ¢ + ¢ is a topological
isomorphism, then the image W(A(M) x A(N)) = A(M)® A(N) = A(V{f) is
closed in Vi*. Thus, combining the above results: A is bounded below if and
only if A|ys and A|y are bounded below. As a consequence, Rq(A) is bounded
below if and only if Rq(A)|ar and Rq(A)|n are bounded below. Hence (a) is
proved.
(b) Similarly using A(V{f*) = A(M)@ A(N) we can easily show that A is onto
if and only if A|»; and A|y are onto. Consequently, R, (A) is onto if and only
if Rq(A)|ar and Rq(A)|n are onto, which proves (b).
(c) From the above arguments it is clear that Rq(A) is bijective if and only
if Ry(A)|pr and Ry(A)|y are bijective, which proves (c). O

Proposition 4.13. [21, page 76] Let {a,}nen be a sequence of positive real
numbers that is sub-multiplicative, in the sense that apmyn < aman, for all
m,n € N. Then

1/n

a, —>inf{a,1€/k | ke N} asn— oo.
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Similarly if the sequence {an}tnen satisfies Gmin > aman for all m,n € N,
then

al/" —>sup{a,i/]C | ke N} asn— occ.

Remark 4.14. Let Vit be non-trivial and A € B(V;E).
(a) From Proposition 4.13, the S-spectral radius rs(A) = max{|q| : q €
Us(A)} is
— % nl/n _ ; n||l/n
rs(A) = lim [[A"] inf [lA™™.
(b) From Proposition 4.13 we can also handle the lower bounds: if
K(A) = mf{[|A¢| | ¢ € Vi with [|¢]| = 1}
denotes the lower bound of A, then k(A™)k(A™) < k(A™T™) for all
m,n € N.
(¢) k(A) =0 whenever k(A™) = 0 for some n € N.
(d) By Proposition 3.7, if x(A) = 0, then 0 € 0,(A), and hence r(A") =0
for all n € N.
(e) If A is invertible then x(A) = [[A7]|7L.
(f) Proposition 4.13 ensures the existence of the limit

i(A) = lim x(A™)Y™ = sup k(A™)/™.

It is immediate that i(A) < rg(A).
(g) Let M >0 and ¢ >0, and q = qo + q17 + g2j + g3k € H and also denote
Ba(M,q) = (2[Re(q™)|M™ + [q*") 7, then
¢ —2[Re(q™)|M™ — [q|" > 0 & ¢ > 2[Re(q")|M" + |q|*"
& c> (2[Re(a™)|M" +]a*") 25 = Ba(M, q).
Also note that 3, (M, q) > |q| and G, (M, q) > 0 if g # 0.

In the following Vy(q,r) := {p € H | |q — p| < r} denotes the closed
ball centered at q and radius r > 0. Bu(q,r) is the open ball with center g
and radius r > 0.

Proposition 4.15. Every operator A € B(ViE) has the following properties.

(a) Ufp(A) is contained in the spherical annulus {q € H | i(A) < |q] <
ra(A)}.

(b) If A is non-invertible, then Vi (0,i(A)) C os(A).

(c) If A is invertible, then By(0,i(A)) C ps(A).

(d) If A is non-invertible and i(A) = rs(A), then og5(A) = Vi (0,rs(4)).

(e) If A is invertible and i(A) = rg(A), then og(A) = {q € H | |q] =

Ts(A)} = 6VH(0,7’S(A))

Proof. (a) Let A € B(Vi{f), then there exist an M > 0 such that [|A"(¢)|| <
M™||¢]|, for all n € N. Clearly ¢5,(4) C ogs(A) € V(0,75(A)). Thus, it
remains to be seen that q € H with [q] < i(A) cannot belongs to o75,(A).
Choose a real number ¢ > 0 and an integer n € N such that ¢" < k(A") and
Bn(M,q) < ¢ < i(A), where 5,(M,q) is as in part (g) of Remark 4.14. Note
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that, such a ¢ can be chosen by the supremum property. Since ¢ < k(A™),
from part (b) of Remark 4.14 ¢** < k(A?"). Because ¢*" < k(A%") we have

g < [|[A*"g|| for all ¢ € Vi,
From the above we obtain
[Rgn (A™)[| = [|A*"¢ — 2Re(q"™ ) + |a]*"
> (|42 ¢ — 2[Re(q™)|[[ A" @] — |q|*"
> (" = 2[Re(q")|M™ — |g[*")||¢]| for all ¢ € Vif".

Therefore, by part (g) of Remark 4.14 and Proposition 4.3, g ¢ o5,(A™).
Now we have

:< qnhARTY( )(Z gAY —q))¢
k=1 =

= 3 D@ AR (A - @) (algqn T — AT gt

k=1j=1
n n
=D D> an AR AT gq T — ATGan I - AT a4+ AT gt I
k=1j=1
n n
_ Z Z(Aj+k¢qn—kan—j _ Aj+k—1¢qn—kan—j+1 _ A]’+k—1¢)qn—k+lan—j +
k=1j=1

+Aj+k—2¢qn—k+1an—j+l)

= Rq(A) Y] Y (@ hqn I a2y,

k=1 =1
Therefore, by Proposition 4.3 and part (g) of Remark 4.14, q ¢ afp(A) for
lq| <i(A).

(b) Let q € H for which |q] < i(A). If q € ps(A), then, since A is not
invertible, by Proposition 3.10, 0 € og(4), and pg(A) is open, tq € dog(A)
for some ¢t € [0,1). Then, by Proposition 4.4, we have tq € Ufp(A), which
contradicts part (a) because |tq] < i(A). Hence, Vi (0,i(A)) C og(A).

(c) Let q € H with |q] < i(A), and assume that q € 0g(A). Since A is invert-
ible, by Proposition 3.10, A? is invertible, and hence 0 € pg(A). Therefore
we can have |p| < |q| < i(A) for some p € dos(A). Hence, by Proposition 4.4,
p € 05,(A) which is impossible by part (a). Therefore q € pg(A) for all g € H
for which |q| < i(A), and hence By(0,i(A)) C pg(A).

(d) Clearly 0g(A) C V(0,rs(A)). Since A is non-invertible and i(A) = r(A4),
from part (b), we have Vg (0,75(A)) C og(A). Thus og5(A) = Vi(0,75(A)).
(e) Clearly og5(A4) C Vu(0,75:(A)). Since A is invertible and i(4) = r(A4),
from part (c), we have By (0,75(A)) C ps(A). Thus

05(A) = Vu(0,rs(A)) N (H\ Bu(0,r5(4))) = {qg € H| |q| = rs(A)}.
O

Remark 4.16. 1f A is an isometry7 that is [|A(¢)| = [|¢|| for all ¢ € V;E, then
rs(A) = i(A) = 1, hence o3;,(A) € 9By (0,1), the quaternionic unit sphere.



40 Page 14 of 33 K. Thirulogasanthar, B. Muraleetharan Adv. Appl. Clifford Algebras

If A is an invertible isometry, then by Theorem 4.4 and parts (a), (e) of the

above proposition ofp(A) = 0g(A) = 0By(0,1) while if A is a non-invertible

isometry then, by part (d) of the above proposition og(A) = Vg (0,1).

5. Hyper-Kernel and Hyper-Range of a Right Linear Operator
on V.E

Let A € B(V;f), then clearly we have
ker(AO) = {0} Cker(A) C ker(AQ)

C.-- and
ran(A°) = V]HII% D ran(A) D ran(A4%) D ---

Definition 5.1. Let A € B(Vif). Then the hyper-range of A is denoted by
A (Vi) and
A® (V") = ] ran(A™)
neN
and the hyper-kernel of A is denoted by
N>(A) = | ] ker(4™).
neN

Proposition 5.2. Let A € B(Vi), then A (Vi) and N>°(A) are A-invariant
right linear subspaces of ViE¥.

Proof. Proof is elementary. O

Lemma 5.3. Let A € B(Vi{). Forq € H, if P1(q) and Py(q) are co-prime poly-
nomials with real coefficients then there exist polynomials Q1(q) and Q2(q)
with real coefficients such that P1(A)Q1(A) + P2(A)Q2(A) = Iyr.

Proof. Since the polynomials have real coefficients it follows from the classical
case. See Lemma 1.2 in [2]. O

The following results establish some basic properties of hypekernels and
hyper-ranges which will be needed in the sequel.

Theorem 5.4. Let A € B(Vif). Then
(a) Rq(A) (N> (Vi) = N©(Vif') for every 0 # q € H;
(b) N>®(Rq(A)) C (A%)>°(Vi) for every 0 # q € H.

Proof. (a) In order to prove (a) we need to show that Rq(ker(A™)) = ker(A™)
for all n € N and q # 0. Clearly Rq(A)(ker(A")) C ker(A") for all n € N.
Since, for q # 0, Rq(p) and p™ are co-prime polynomials with real coefficients.
Therefore, by Lemma 5.3, there are polynomials Q1 (p) and Q2(p) with real
coefficients such that

Rq(A)Q1(A) + A"Q2(A) = Iyz.

If ¢ € ker(A™), then Ry(A)Q1(A)¢ = ¢, and since, as A™ and Q(A)
commute, Qi(A)¢ € ker(A™). Therefore, ¢ € Rq(A)(ker(A™)), and hence
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ker(A™) C Rq(A)(ker(A™)). That is, Rq(A)(ker(A™)) = ker(A") for alln € N
and q # 0.

(b) First we prove that ker(Rq(A)"™) = A?(ker(Rq(A)™)) for all n € N and
q # 0. clearly A?(ker(Rq(A)")) C ker(Rq(A)") for all n € N. Since, for
q # 0 and for any n € N, p? and R4 (p)™ are co-prime polynomials with real
coefficients, there exist polynomials P(p) and Q(p) with real coefficients such
that A2P(A)+Q(A)Rq(A)™ = Iy r for all n € N and q # 0. Therefore, by the
same argument of part (a), we have ker(Rq(A)™) = A?(ker(Rq(A)™)) for all
n € N and q # 0. Hence N°(Ry(A)) = A2(N>®°(R4(A))) for all g # 0. From
this it easily follows that N°°(R4(A)) = (A?)"(N>°(R4(A))) for all g # 0
and n € N. Therefore, N°°(R,4(A)) C (A?)*°(N>°(R4(A))) for all g #0. O

a(A
Proposition 5.5. If A € B(V{®) then A™(ker(A™™™)) = ran(A™) N ker(A™)
for all m,n € N.

Proof. A proof follows exactly as a complex proof. For a complex proof see
Lemma 1.4 in [2]. O

Theorem 5.6. Let A € B(ViE). The following statements are equivalent.
(a) ker(A) C Am(VIHII%) for allm e N.
(b) ker(A™) C A(Vif) for each n € N.

(¢) ker(A™) C Am(VH ) for each n € N and each m € N.

(d) ker(A™) = A™(ker(A™*™)) for each n € N and each m € N.

Proof. A proof follows exactly as a complex proof. For a complex proof see
Theorem 1.5 in [2]. O

Corollary 5.7. Let A € B(V{'). Then the statements of Theorem 5.6 are
equivalent to each of the following inclusions.

(i) ker(A) C A% (V).
(i) N°°(A) C A(VE).
(iii) N> (4) C A=(V.).
Proof. Straightforward from the statements of Theorem 5.6. 0

5.1. Algebraic Core of a Right Linear Operator

Definition 5.8. Let A € B(V;f'). The algebraic core, C(A), is defined to be
the greatest subspace M of Vit for which A(M) = M.

Remark 5.9. (a) Clearly if A € B(Vif) is surjective, then C(A) = V.
(b) Let A € B(Vif), then clearly C(A) = A™(C(A)) C A"(V{f) for all
n € N. Thus C(A) C ,eny A" (Vi) = A= (Vf).
Theorem 5.10. Let A € B(Vif) and
={p e Vif' | 3 {0152 C Vi such that ¢ =1y and A1 = b, ¥V 0 € 7 }.
Then C(A) = M.

Proof. A proof follows exactly as a complex proof. For a complex proof see
Theorem 1.8 in [2]. O
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Proposition 5.11. Let A € B(V{). Suppose there exists m € N such that
ker(A)NA™(ViE) = ker(A)NA™TF(ViE) for all k > 0, then C(A) = A>(VE).

Proof. A proof follows exactly as a complex proof. For a complex proof see
Lemma 1.9 in [2]. O

Theorem 5.12. Let A € B(V{). Suppose that one of the following conditions
holds:

(a) dim(ker(A)) < 0.

(b) codim(A(ViE)) < .

(c) ker(A) C A”(Vl}lf) for allm € N.
Then C(A) = A (V).

Proof. A proof follows exactly as a complex proof. For a complex proof see
Theorem 1.10 in [2]. O

5.2. Semi-Regular Operators on Vﬁ{

In the complex theory, the semi-regular operators play an important role in
the definition of Kato spectrum and for this reason the Kato spectrum is
sometimes referred to as semi-regular spectrum. The same argument applies
to the S-spectrum.

Definition 5.13. Let A € B(V{f?). A is said to be semi-regular if ran(A) is
closed and A verifies one of the equivalent conditions of Theorem 5.6.

Ezample 5.14. (a) If A € B(V{) is surjective, then clearly A is semi-regular.
(b) If A € B(Vif) is injective with closed range, then A is semi-regular.

A semi-regular operator has closed range. So it is useful to find condi-
tions which ensures that A(V;®) is closed. In this regard, the the following
quantity associated with A is useful.

Definition 5.15. If A € B(V{f',Uf), the reduced minimum modulus of a
nonzero operator A is defined to be
Aol

A) = 2ol
7(4) ¢¢11<Ielr(A) dist(¢, ker(A))
If A =0, then we take y(A) = cc.
Proposition 5.16. Let A € B(V;EF).
(a) If A is invertible, then v(A) = [|[A~]|7L.
(b) 7(A) = v(AT).

Proof. A proof follows exactly as a complex proof. For details see [21], page
203. O

Theorem 5.17. Let A € B(Vi). Then v(A) > 0 if and only if ran(A) is
closed.

Proof. A proof follows exactly as a complex proof. For a complex proof see
Theorem 1.13 in [2]. O
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Proposition 5.18. If A € B(Vi®) is bounded below then A is semi-regular.
Proof. Proof is elementary. O

Theorem 5.19. Let A € B(Vi®) be semi-regular, then
(a) v(A™) > ~y(A)™ for alln € N.
(b) A™ is semi-regular for all n € N.

Proof. A proof follows exactly as a complex proof. For a complex proof see
Theorem 1.16 and Corollary 1.17 in [2]. O

5.3. Analytical Core of A € B(V;F)

In some sense, the analytical core is the analytic counterpart of C(A) [2].

Definition 5.20. (See [2] for the complex case) Let A € B(V;E). The analytical
core of A is the set K(A) of all ¢ € V' such that there exists a sequence
{un}%y C Vit and a constant § > 0 such that

(i) ¢ =up and Au,q1 = u, for alln € Z,..
(ii) |un| < 0™||¢|| for all n € Z .

Theorem 5.21. Let A € B(Vif). then

(a) K(A) is a right linear subspace of Vit;
(b) A(K(A)) = K(A);
(c) K(A) CC(A).

Proof. ¢q € K(A) for each ¢ € K(A) and q € H is straightforward. The rest
follows a complex proof. For a complex proof see Theorem 1.21 in [2]. O

Theorem 5.22. Let A € B(V{f).
(a) If F is a closed subspace of Vit such that A(F) = F, then F C K(A).
(b) If C(A) is closed, then C(A) = K(A).

Proof. A proof follows exactly as a complex proof. For a complex proof see
Theorem 1.22 in [2]. O

Theorem 5.23. Let A € B(ViE) be a semi-reqular operator. If ¢ € Vilt, then
Ap € C(A) if and only if ¢ € C(A).

Proof. A proof follows exactly as a complex proof. For a complex proof see
Theorem 1.23 in [2]. O

Theorem 5.24. Let A € B(ViF) be a semi-reqular operator. Then C(A) is
closed and C(A) = K(A) = A= (VE).

Proof. A proof follows exactly as a complex proof. For a complex proof see
Theorem 1.24 in [2]. O
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6. Local S-Spectrum on V.

In [12] (see page 305), the single valued extension property, local S-resolvent
set and local S-spectrum are defined in terms of slice hyperholomorphic exten-
sion of the operator Rq(A, ) = Rq(A)~ (¢g§— A¢) on axially symmetric open
sets containing pg(A) of H . However, we stay with certain straightforward
extensions of the complex definitions to quaternions.

Note that the quaternionic pseudo-resolvent operator, R, = A? —
2Re(q) + \q|2]IVHR, is structurally different from its complex counterpart
@x = A— 1. Also the quaternionic S-spectrum is structurally different from
the complex spectrum. Thus one cannot expect to recover the complex spec-
trum or SVEP from the corresponding quaternionic version. However, one
may study spectral theory on quaternion slices (complex planes contained
inside quaternions) with the operator @, but it will be exactly the complex
spectral theory.

Definition 6.1. (See [21] for the corresponding complex definition) An opera-
tor A € B(V;F) has the single-valued extension properly, abbreviated SVEP,
at qo € H if for every open neighborhood U C H of gy, the only continuous
right slice-regular solution f : U — Vi of the equation Ry(A)f(q) = 0 for
all g € U is the zero function on U. The operator A is said to have the SVEP
if A has the SVEP at every point q € H.

Definition 6.2. (See [21] for the corresponding complex definition) Let A €
B(V;iE) the local S-resolvent set p3(¢) of A at a point ¢ € Vif' is defined as
the union of all open subsets U of H for which there is a continuous right
slice-regular function f: U — V;& which satisfies

Rq(A)f(q) =, forallqel.
The local S-spectrum Uf\(gé) of A at ¢ is then defined as

o5 (¢) =H\ pi(9).

Remark 6.3. Let A € B(V;F) and ¢ € ViE. Then

(a) Since p(¢) is the union of open sets, it is an open set in H, and hence

05(¢) is a closed set in H.

(b) Let ¢ # 0 and q € pg(A), then ker(Rq(A)) = {0}. We have the right
inverse Ry '(A) : ran(A?) — Vif and it is right-slice regular in g [12].
Let U C H be open and define f : U — Vi by f(q) = R;%A)qﬁ for all
q € U, then Ry(A)f(q) = ¢ for all g € U. Hence q € p5(¢). That is

ps(A) C pi(¢), and hence o5(¢) C o5(A). (6.1)

Definition 6.4. (See [21] for the corresponding complex definition) Let A €
B(Vi*) and F C H. The local S-spectral subspace of A associated with F' is
defined by

Xa(F)={¢ € Vi | 0c5(¢) C F}.

Definition 6.5. (See [2,21] for the corresponding complex definition) Let A €
B(ViE) and F C H be a closed subset. The set X4(F) consists of all ¢ € Vi
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for which there exists a right slice-regular function f : H\ F — V' that
satisfies Rq(A)f(q) = ¢ for all g € H\ F. The set X4(F) is called the global
S-spectral subset of A associated with the set F'.

The following elementary examples shows that the surjectivity of any
operator A € B(V{) and the surjectivity of its pseudo-resolvent Ry(A) do
not need to be dependent on each other.

Ezample 6.6. Let q = qo € R, and define A : Vi — V' by A¢ = ¢qo,
for all ¢ € Vi. Then clearly A € B(V{f) is surjective while Rq(A) = 0, and
hence R4(A) is not surjective.

From the above example, one can note that the surjectivity of an oper-
ator A € B(V;F) does not guaranty that Ry(A) is surjective, for each q € H.

Ezample 6.7. Let q = q1i + q2j + g3k € H and A € B(V4f) such that A2 =0
(nilpotent operator of index 2). Then it is clear that A is not surjective and
R,(A) = |q|2ﬂvﬁ:¢ is a surjective operator.

The above example shows that, for each q € H, the surjectivity of Rq(A)
does not guarantee the surjectivity of A.

The following proposition shows that, among other results, the surjec-
tivity S-spectrum is closely related to the local S-spectrum. The hypothesis
in the corresponding complex version of the following Proposition 6.8 is just
one condition: A is a bounded operator (see [21], page 35) and an obvious
traslation was used in the complex proof. However, in the quaternionic set-
ting the boundedness of A alone is not enough to have the same result due to
the weak analyticity, quadratic structure of the pseudo-resolvent operator and
the non-linearity of operator A — q]IVHR. Unfortunately the obvious translation
argument cannot be applied in quaternionic setting since the composition fot
of a slice-regular function f with a translation ¢ is not slice-regular in gen-
eral, unless the translation is along the real axis. In this regard, an additional
condition on A is added in the following proposition which is the surjectivity
of A.

Proposition 6.8. Let A € B(Vi) be surjective. Then,
(a) for every p € H\ 03,(A), there is an r > 0 for which Vi = X4 (H \
Bu(p,7));
(b) 02,(A) =U{oi(¢) | ¢ € i}
(c) if A has SVEP and q € o,5(A), then o5(¢) = Sq for each eigenvector
¢ of A with respect to q;

(d) os(A) =05, (A) if A has SVEP, and o5(A) = Ufp(A) if A" has SVEP.
Proof. (a) Since A is surjective, by the open mapping theorem, there exists
¢ > 0 such that for every u € Vif!, there is some v € Vi such that Av = u
and c[[v]| < |lu. Let ¢ € V;E be arbitrary. Starting with ¢y = ¢ we obtain,
by induction, a sequence {¢,} C Vﬁf such that A¢, = ¢,—1 and c||¢, || <
[l¢n—1]|, for all n € N. Therefore, since ||¢n| < ¢~ "||¢||, we conclude that, for
any fixed q € By(0, ¢), the series

Vg = Z Gn1q"
n=0
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converges locally uniformly. If we do the same for the vector ¢, € Vift, we
can obtain another sequence {1,,} C Vi such that g = 14, AYp = p_1
with d|[1n|| < ||th,—1]| for all n € N. Define

f(q) = Z¢n+1q",
n=0

which converges locally uniformly on the open ball By(0,r), where r =
min{c,d}, and hence f is right-slice regular in q. We have

(A - q]IVH_f%)f<q) = Z Ynq" — Z ’L/)n+1qn+1 = o = '(/Jq-
n=0 n=0

Therefore
Rq(A)f(a) = (A—qlyr)(A—qlyr)f(a)

= (A-qlyn)t = (A= qlys) Y ¢nad"
n=0

oo )
= Z d)nﬁ" - Z ¢n+1ﬁ”+1 = ¢o = ¢.
n=0 n=0

That is, Rq(A)f(q) = ¢ for all q € By (0,7), hence ¢ € X(H \ Bw(0,7)), and
therefore Vif* = X(H \ By(0,7)).

(b) For arbitrary q € H, to prove the equality in (b) it is enough to show that
Rq(A) is surjective if and only if q € p5(¢) for every ¢ € Viff. Suppose q €
p5(¢) and ¢ € ViF. Then there is a right regular function on a neighborhood
of Uofq, f: U — Vi such that R,(A)f(p) = ¢ for all p € U. Thus Ry(A) is
surjective. Conversely suppose that Rq(A) is surjective Then q € H\ o3, (A).
Therefore, from part (a) Rq(A)(Vi) = Vit = X4(H \ Bu(q,7)). Therefore,
there is a right-slice regular function f : By(q,r) — V4 such that, for every
¢ € Viff, Rq(A)f(q) = ¢ for all q € Bu(q,r). Hence q € p3(¢).

(c) Suppose that q € 0,5(A). Then there is a nonzero ¢ € Vit such that
R,(A)¢ = 0. This implies R.(A)¢ = 0, for all v € Sy with S; a 2-sphere
in H (see [12], page 77). Since the right eigenvalues coincide with the point
spectrum, we also have A¢ = ¢q. Define f: H\S; — Vi by

f(p) = é(a® — 2Re(p)q + [p|>) !, for all p € H\S,.
Then the function f is right-slice regular on H\ S;, and satisfies, as A¢ = ¢q,
Rp(A)f(p) = (A* — 2Re(p)A — [p|*)¢(q® — 2Re(p)q + [p|*) "
= ¢(a® — 2Re(p)a + [p|*)(a® — 2Re(p)a + [p|*) " = ¢ forall p € H\Sq.

Therefore H\ Sy C p3(¢), and hence 5 (¢) C Sq. For the other inclusion, Let
t € p5(¢). Then there exists a right-slice regular function f : U — V;F on
some open neighborhood of t such that R, (A)f(p) = ¢ for all p € U. Assume
that v € Sq, and it follows that

Rp(A)Re(A)f(p) = Re(A)Rp(A)f(p) = Re(A)p =0, forallpeU.
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Therefore by SVEP, R.(A)f(p) = 0, for all p € U. In particular, 0 # ¢ =
R.(A)f(r) = 0, which is a contradiction. Therefore v € H \'S,. Hence Sy C
73(9).

(d) Suppose A has SVEP, then by parts (b) and (c), we have

ops(A) S (J{o2(9) | ¢ € Vif'} = o2,(A4).
Therefore by Eq. (4.1), we get
os(A) = a2 (A). (6.2)
If AT has SVEP, then by Eq. (6.2) and Proposition 4.10, we have

os(A) = 0s(AT) = o3, (A") = 07, (A4).

O

The following proposition relates isolated points of various spectra to
SVEP.

Proposition 6.9. Let A € B(ViF).

(a) If ops(A) does not cluster at qo € H, then A has SVEP at qo.
(b) If ofp(A) does not cluster at qo € H, then A has SVEP at qo.

(c) If 05,(A) does not cluster at qo € H, then AT has SVEP at qo.

Proof. (a) Suppose that o,5(A) does not cluster at qo. Then there exists a
neighborhood U of qg such that Rq(A) is injective for all ¢ € U and q #
qo- Let f : V. — V! be a right-slice regular function defined on another
neighborhood of qo for which the equation Rq(A)f(q) = 0 holds for every
q € V. Obviously we may assume that V' C U. Then f(q) € ker(R4(A)) = {0}
for all g € V and q # qo. Hence f(q) = 0 for all ¢ € V and q # qo. From
the continuity of f at qo we conclude that f(q9) = 0. Hence f =0 on V, and
therefore A has SVEP at qq.

(b) Suppose that o7,(A) does not cluster at qo. Then there is a neighborhood
U of go such that U\ {qo} Nog,(A) = 0. Since, by Proposition 4.2, 5,,5(A) C
o2 (A), we have U\ {qo} Nops(A) = 0. Therefore, from the proof of part (a),

ap

A has SVEP.
(c) Since, by Proposition 4.10, 05,(A) = 05,(AT). Therefore, from part (b)
AT has SVEP. O

Remark 6.10. (a) From Proposition 6.9 every operator A € B(V;) has
SVEP at an isolated point of the S-spectrum.
(b) Obviously A € B(Vf*) has SVEP at every q € pg(A).

7. Kato S-Spectrum in V;F

In the complex setting, among the many concepts dealt with in Kato’s exten-
sive treatment of perturbation theory [19] there is a very important part of
the spectrum called the Kato spectrum. Here we abstract the complex defi-
nition given in [2,21] to quaternions.
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Definition 7.1. For A € B(V;f), the Kato S-resolvent set is defined as
pra(A) = {q € H | ran(R4(A)) is closed and ker(Rq(A)) C Rq(A)>(Vi)}
and the Kato S-spectrum is defined as o (4) = H \ py_ (A).

Remark 7.2. Let A € B(Vi).
(a) From Theorem 5.6 we can see that:
q € py,(A) if and only if ran(Rq(A)) is closed and Ry(A) satisfies one
of the equivalent conditions of Theorem 5.6. That is
pi.(A) = {q € H | Ry(A) is semi-regular}.

(b) In the complex literature the Kato spectrum is sometimes referred to as
semi-regular spectrum. For example in [21] it is called Kato spectrum
while in [2] it is referred as semi-regular spectrum.

(c) Let q € ps(A), then Ry(A) has an inverse in B(V{). Therefore, by
the bounded inverse theorem, Rq(A) is bounded below, and hence by
Proposition 5.18, R4(A) is semi-regular. Thus q € pg, (A). That is,
ps(A) C py.(A), and hence o, (A) C og5(A).

Proposition 7.3. Let A € B(Vi{"), then H\ 03,(A) C pp,(A).

Proof. Let q € H\ 05,(A), then by Proposition 4.3, ker(Rq(A)) = {0} and
ran(Ry(A)) is closed. Therefore, q € py, (A). O

Remark 7.4. Let ¢ = qo + q1i + q2j + qzk € H and A € B(Vif). Denote
B4,0) = 7(4)? = 2laoly(4) — [al? and 5(a) = lao] + /2 + 1%, then we
have
B(A, ) >0 & v(A)* —2[qoly(4) — |q|* > 0
< (7(4) = lgo))? > laol* + |a[?
< 7(A) > lqo| + Vlgo* + lal* = B(a).
Also note that v(A) > 5(q) implies v(A) > |qo| also 5(q) > 0 if q # 0.

Proposition 7.5. Let A € B(Vif) and (3(q) is as in Remark 7.4, then

(a) A is surjective (respectively, bounded below) if and only if AT is bounded
below (respectively, surjective).

(b) if A is bounded below (respectively, surjective) then Rq(A) is bounded
below (respectively, surjective) for each q € H that satisfies v(A) > 5(q).

Proof. (a) Proof is exactly as a complex proof. For a complex proof see
Lemma 1.30 (a) in [2].

(b) Suppose A is bounded below. Thus, A is injective and ran(A) is closed.
Hence, as A is continuous, A? is injective and A2 (V') = A(A(Vif)) is closed.
Therefore, from Theorem 5.17 and Theorem 5.19, v(A) > 0 and v(A?) > 0.
Also from the injectivity of A and A2,

y(A)dist(¢, ker(A)) = v(A) 6] < [|Ad], for all ¢ € Vi’ and

7(A?)dist (¢, ker(A%)) = 7(A?)[|¢]| < A%, for all p € D(A?).
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We have, for ¢ € D(A?),

1Rq(A)g]| > [[A6]| — 2[Re(a)[| Ag|| — laf*[|¢l|

> 9(A) 0]l = 2Re(a@) v ()]l - lal[4]
= (7(A%) = 2[Re(a)|v(4) — lal*)ll¢]l = B(A,q)llg|l by Theorem 5.19.

Hence, if v(A) > B(q), then, by Remark 7.4, 3(A4,q) > 0. Therefore, Rq(A)
is bounded below. Trivially, if A is surjective, then Rq(A) is surjective. O

Theorem 7.6. Let A € B(Vif) be semi-reqular. Then Rq(A) is semi-reqular
for allq € H for which v(A) > ((q), where B(q) is as in Remark 7.4. Moreover
pi.(A) is open and o3} (A) is compact.

Proof. First we show that C(A) C C(Rq(A)) for all g € H with v(A4) > 5(q).
Let Ay : C(A) — C(A) denote the restriction of A to C(A). Since A is
semi-regular, by Theorem 5.24, C'(A) is closed. Since A(C(A)) = C(A), Ay
is surjective. Therefore, by Proposition 7.5, Rq(Ao) is surjective for all q € H
with v(A4p) > B(q). Thus R,(Ao)(C(A)) = Rq(A)(C(A)) = C(A) for all
q € H with v(Ap) > B(q). On the other hand, A is semi-regular, therefore by
Theorem 5.6, Corollary 5.7 and Theorem 5.12, we have ker(A) C A®(V;E) =
C(A). This implies, also by Theorem 5.17, v(Ap) > v(A) > 0,

C(A) C C(R4(A)) for all g € H with v(A) > £(q). (7.1)

Moreover, for every q € H \ {0} we have A(ker(R4(A))) = ker(Rq(A))
and ker(Rq(A)) is closed, therefore, from Theorems 5.22 and 5.24, we have
ker(Rq(A)) € C(A) for all ¢ € H \ {0}. We also have C(Rq(A4)) =
Rq(A)"(C(Rq(A))) € Rq(A)™ (Vi) for all ¢ € H and for all n € N. Therefore,
from Eq. (7.1), we have, for each q € H\ {0} and for each n € N,

ker(Rq(A)) € C(Rq(A)) € Rq(A)"(Vi), with v(A) > B(q). (7.2)

Since A is semi-regular, by Theorem 5.19, A? is semi-regular. Therefore Eq.
(7.2) is valid for g = 0 as well. That is, Eq. (7.2) is valid for all q € H with
2(4) > Ba).

Claim: ran(Ry(A)) is closed for all q € H with v(4) > 5(q).

If C(A) = {0}, then as A is semi-regular, by Theorems 5.22 and 5.24,
ker(A) C C(A) = {0}. Therefore, by the bounded inverse theorem, A is
bounded below, and hence by Lemma 7.5 Ry(A) is bounded below for all
q € H with v(A) > 8(q). Thus, by definition, ran(Rq(A)) is closed.

If C(A) = Vﬂf, then A is surjective, therefore, again by Proposition 7.5, so is
Rq(A).

Now consider the case C'(A) # {0} and C(A) # Vif*. Let V = Vit /C(A)
and let A : V — V be the quotient map defined by A¢ := A¢, where
¢ € V. Clearly A is continuous. If A¢ = Ap = 0, then Ap € C(A), thus, by
Theorem 5.23, ¢ € C(A) which implies ¢ = 0. Therefore A is injective. Next
we prove that A is bounded below. To prove it, we only need to show that
A has closed range. To see this we show the inequality v(A4) > v(A), then,
by Theorem 5.17, A has closed range. For each ¢ € V& and each u € C(A)
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we have, recalling the fact that ker(A) C C(A) and by the definition of the
quotient norm,

]| = dist(, C(A)) = dist(¢ — u, C(A))
1

< dist(¢ — u, ker(A)) < A¢p — Aull.

( (4)) Y(A) I |

From the equality C(A) = A(C(A)) we obtain that ||A¢| = ig{A) | Ap —
ue

Aul|. Thus, ||¢] < ﬁHAiqu That is, y(A4) < ”‘%‘1” for all ¢ € V, from this,

as A is injective, we get y(A) > v(A). Hence A is bounded below. Therefore,

by Proposition 7.5, Rq(A) is bounded below for all q € H with v(A) > £(q)
and hence for all g € H with v(A4) > §(q). Finally, to show that ran(R,(A)) is
closed for all q € H with v(A) > 5(q), let {¢,} C ran(Rq(A)) be a sequence
such that ¢, — ¢ € Vif' as n — oo. Then clearly ¢, — & €V as
n — oo and ¢, € ran(Ry(A)), and this space is closed for all q € H with
v(A) > B(q), therefore ¢ € ran(Ry(A)). Let ¢ = Rq(A)v and v € v € V.
Then ¢ — Rq(A)v € C(A) C Rq(A)(C(A)) for all g € H with v(A) > B(q).
So there exists u € C(A) such that ¢ = Rq(A)(v +u), hence ¢ € ran(Rq(A))
for all q € H with y(A) > 5(q). Therefore, ran(Ry(A)) is closed for all g € H
with v(4) > B(q), and, consequently, R,(A) is semi-regular for all ¢ € H
with y(A4) > B(q). That is, q € p;,(A) for all g € H such that v(A4) > 3(q).
Hence q € o}, (A) if ¢ € H satisfies 3(q) < v(A). Let q € o} (A), then
there exist a sequence {q,} C o (A) such that q, — q as n — oo.
So we have (3(q,) < 7(A), hence, as n — oo we get G(q) < v(A), and
therefore q € op, (A). Thus o7, (A) is closed, consequently, pi (A) is open.
From Remark 7.2, (¢) we have o7, (A) C 0g(A). We know o5(A) is compact
and since a closed subset of a compact set is compact, a,fa(A) is compact.
U

Proposition 7.7. Suppose that the operator A € B(ViE) satisfies ker(A) C
A>®(VEY). Then A maps A (Vi) onto itself, and ker(A™) C A*(V;E) for
all m € N.

Proof. A proof follows its complex counterpart. For a complex proof see [21],
Lemma 3.1.4. g

Proposition 7.8. Suppose that the operator A € B(Vif) has closed range, and
thatY is a closed right linear subspace of Vi that contains ker(A), then A(Y')
is closed.

Proof. A proof follows its complex counterpart. For a complex proof see [21],
Lemma 3.1.3. O

Proposition 7.9. Let A € B(ViE) be surjective and q € p;, (A). Then Rq(A)™
has closed range for every m € N, the space Rq(A)> (Vi) is closed, Rq(A)
maps Ry (A)> (Vi) onto itself, and Ry(A)> (Vi) C Xa(H\ {q}).

Proof. Claim: Rq(A)™ has closed range for each m € N.
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We prove it by induction. Since q € py,(A), ran(Rq(A)) is closed so
the case m = 1 is clear. Assume that ran(Rq(A)™) is closed for some
m > 1. Let Y = ran(Rq(A)). From Proposition 7.7, we know that, as
q € p.(A), ker(Ry(A)™) C Ry(A)>* (Vi) C Y. Therefore, by Proposi-
tion 7.8, Rq(A)™(Y) is closed. That is, Rq(A)™(Y) = Rq(A)™ (Vi) is
closed, which completes the induction.

As Rq(A)™ (Vi) is closed for all m € N, their intersection Rq(A)> (V)
is closed. Since q € pi (A), ker(Rq(A)) C Ry(A)>*(V;E), therefore, by
Proposition 7.7, Rq(A) maps Rq(A)>° (Vi) onto itself. To prove the inclu-
sion, we can say from Proposition 7.7 that the restriction of Rq(A) to
Rq(A)>(Vif) is surjective. Thus q ¢ o5,(B), where B := Al (a)(v7)-
Let ¢ € Rq(A)>°(V), then part (b) of Proposition 6.8 to conclude that

oA(®) € oB(9) € 03, (B) S H\ {a}.
This observation shows that ¢ € X 4(H\ {q}). Thus Rq(A)> (V') C Xa(H\
{a})- O

Following the complex definition of analytic residuum in [21] we define
the following.

Definition 7.10. Let A € B(V;), the analytic residuum S(A) is the open set
of points q € H for which there exists a non-vanishing continuous right-slice
regular function f : U — Vi on some open neighborhood U of q such that
Ry(A)f(p) =0forall p e U.

Proposition 7.11. Let A € B(Vift), then S(A) C into,s(A), the interior of
ops(A). Moreover S(A) is empty if A has SVEP.

Proof. Let q € S(A), then there exists an open neighborhood U of q
and a non-vanishing right-slice regular function f : U — VI such that
Ry(A)f(p) =0 for all p € U. Since f(p) # 0 for all p € U, ker(R,(A)) # {0}
for allp € U. Hence q € U C 0,,5(A). Therefore, S(A) C into,g(A). S(A) =0
if A has SVEP is trivial from the definitions. O

Proposition 7.9 leads to the following sandwich formula for the Kato
S-spectrum. In particular, we obtain dog(A) C o (A), which ensures that

o7 (A) is non-empty provided that Vi is non-trivial.

Proposition 7.12. Let A € B(ViF) be surjective, then
(2) pa(A) = pig(AT);
(b) pi,(A) Nos(A) C S(A) U S(AT);
() Bo5(A) C (95,(4) M aS,(A)) \ (S(A) N S(AT) C af,(4) C oS,(4) N

= ap su

US (A);

(d) (02,(A) N, (A)\ (S(A)NS(AT) = (07, (A)\ S(A) U (05, (A) \ S(AT)).
Proof. (a) Let q € p;,(A). Then ran(R4(A)) is closed and by Corollary 5.7,
ker(Rq(A)) C Rq(A)>(Vif). Then by Proposition 7.9, Rq(A)™ has closed
range for every n € N, and by Proposition 7.7, ker(Rq(A)™) C Rq(A) (V).
Hence by the Proposition 3.9, Rq(A")" (Vi) is closed and, by Proposition 3.3

ker(Rq(A")) = [Rq(A)(Vif)]* C [ker(Rq(A)")]* = Rq(A")" (Vi)
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for all n € N. Thus q € py,(AT), and therefore py (A) C py (AT). The
opposite inclusion is similar.

(b) From Proposition 7.3 we have H \ 3,(4) C pi,(A). For q € H\ 05, (A),
we have Rq(A)(Vif) = Vi, and hence trivially q € p3, (A). Therefore,

0ia(A) C 05,(A) N 0%, (A). (7.3)

From Theorem 4.4 and Proposition 4.11, we have dog(A) C 05,(A) N5, (A).
From Proposition 7.11, we have,

S(A)N S(AT) Cinto,s(A) Ninto,s(AT) C intos(A)
as 05(A) = a5(A") by Proposition 4.10. Therefore,
005(A) C (05,(4) N0, (A) \ (S(A) N S(AT). (7.4)
Claim:
Pra(A) Nog,(A) C S(A). (7.5)
Let q € pg,(A) Noj,(A). Since q € pj,(A), ran(Rq(A)) is closed, and since
q € o5,(A), by Proposition 4.3, ker(Rq(A)) # {0}. Therefore q is a right

eigenvalue of A. Let ¢ be a corresponding eigenvector, then ¢ € ker(R,(A)).
Hence, by Proposition 7.9, as q € py, (A),

¢ € ker(Rq(A)) € Rq(A)™(Vir') € Xa(H\ {q}).

Thus, by the definition of X4(H \ {q}), q € p5(¢), there exists a right-slice
regular function f : U — Vi on an open neighborhood of q for which
R,(A)f(p) = ¢ for all p € U. Define the right-slice regular function g : U —
Vi by g(p) = Rq(A)f(p) for all p € U. Since Rq(A) and Ry(A) commute,

we have

Ry(A)g(p) = Ry(A)Rq(A)f(p) = Rq(A)Rp(A)f(p)
=Rq(A)p=0 forallpeUl.

Since g(q) = Rq(A)f(q) = ¢ # 0, by the continuity of g, there exists a
neighborhood V of q in H on which g does not vanish. Therefore q € S(A).
The claim is proved.
Claim: py (A) Nos(A) C S(A) U S(AT).

From Proposition 4.10 we have o5 (A) = afp(AT). From part (a) and
Eq. (7.5) we get

Pra(A) N 05, (A) = pRa(AT) N oz, (AT) C S(AT). (7.6)
Also from Eq. (4.1), we have og ) »s(A) Ua? (A). Therefore,
Pra(A) Nos(A) = pia(A) N (0ps(A) U ( )

)u
= (pRa(A )ﬂaps A)) (PRa(A) N 02, (A)
€ (PRa(4) N ogy(A)) U (pia(A) N0, (A)) by Proposition 4.2
=S(A)uU S(AT) by Equations (7.5) and (7.6)
(¢) From Egs. (7.5) and (7.6), we also have
Pra(A) N5, (A) Nog,(A) C S(A) NS(AT),

(4
(
(
Tap(A
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which means
(0 (A) N2, (A)\ (S(A) N S(AT) C a3, (A).

Thus, from Egs. (7.3) and (7.4), we get (c).
(d) From Eq. (4.1) and Proposition 4.2, we have

05(A) = ops(A) Uas,(4) C a5, (4) Uas, (A). (7.7)
Hence, from Proposition 7.3 and Eq. (7.7), we get
o5(A) \ 05,(A) C0o3,(A) and  os(A) \ 05, (A) C pia(A). (7.8)
From Egs. (7.8) and (7.6) we also get
05(A) \ 05,(A) C pig(A) N5, (A) € S(AT). (7.9)

Also from Eq. (7.7) we obtain og(A) \ o ,(A4) C o2 »(A). Further, Proposi-
tion 4.8 and Eq. (4.1) yield og(A4) C afp(A) Uos, (A) Hence, from Propo-
sition 4.10 part (b), Proposition 7.3 and part (a) of this proposition, we get
os(A)\ a2 (A) C py. (A). Therefore, we have

5(A) \ 02,(A4) C pRa(A) N5, (A4) C S(A). (7.10)

From Egs. (7.9) and (7.10) we get the inclusion

(025 (A) \ S(A)) U (05,(A) \ S(AT)) C (03,(4) Nog,(A)) \ (S(4) N S(AD).

The opposite inclusion is trivial, and hence we have (d). O

The sandwich formula of Proposition 7.12 yields a precise description of
the Kato S-spectrum when one of the sets S(A) or S(A') is empty, which is
another way of saying that A or AT has SVEP. We present it in the following
corollary.

Corollary 7.13. Let A € B(Vit) be surjective.
(a) If A has SVEP, then oy,(A) = 05,(A).
(b) If AT has SVEP, then o, (A) = 03,(A),
(c) If A and A" have SVEP, then o3 (A) = og(A).

Proof. (a) Suppose A has SVEP, then by Proposition 7.11, S(A) = (). By Eq.
(7.5) and Proposition 7.3 we have

Tap(A) \ S(A) € 07, (A) € 07, (A).
Therefore 075,(A) = oj, (A).
(b) Similarly, if AT has SVEP then S(AT)
part(a), Proposition 4.10 part (b) and Eq. (7
02u(A4) \ S(AT) C 07 (4)
and hence o7 (A) = o3 (A).

(c) If A and AT have SVEP, then by Proposition 6.8 part (d) and by the
above two parts we get o3 (A) = o5(A). O

. But by Proposition 7.12
), we have

e
€ 0%,(4),
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Remark 7.14. Let A € B(Vi®) be a non-invertible surjective isometry and A
has SVEP. Then by Remark 4.16 we have afp(A) C 0By(0,1) and og(A) =
Vu(0,1). Further, from Proposition 4.4, we have dog(A) C afp(A). There-
fore, from Corollary 7.13, o (A) = Ufp(A) ={qeH]| |q| =1} = 0Br(0,1).
Also, in this case, p3, (A)Nog(A) = (H\{qge H | |q| =1})NVk(0,1) = {q €
H | lq| <1} = Bu(0,1).

Theorem 7.15. Let A € B(V;E), M and N be two A-invariant closed sub-
spaces of Vﬁz and Vﬁ% =M ® N. Then A is semi-reqular if and only if A|n
and A|n are semi-reqular. Consequently, o (A) = o5 (Ala) Uos, (AlN).

Proof. The equality ker(A|p) = M N ker(A) is trivial. Let us show that
A(M) = M N A(V{®). Since M is A-invariant, trivially A(M) C M N A(V;EF).
Conversely, if 1 € M N A(ViF), then ¢ € M and ¢ = A(¢) for some ¢ € Vi,
Write ¢ = ¢1+p2 with ¢1 € M and ¢ € N. Then ) = A(¢) = A(¢1)+A(¢2),
and since A(¢1) € M we have A(¢p2) = — A(¢$1) € MNN = {0}. Therefore
Y = A(¢1) € A(M). Thus A(M) = M n A(V{F). By induction we have
(Alp)™"(M) = A"(M) = M N A*(Vif) for all n € N. Assume that A is
semi-regular. Then

ker(A|n) = M Nker(A) € M N A™(Vi) = (Ala)" (V) for all n € N.

Moreover (A|n)(M) = M N A(Vi) is closed, and hence A|yy is semi-regular.
In the same way we obtain that A|y is semi-regular. Conversely, if A|y; and
Aln are semi-regular, then A(Vif) = A(M) @ A(N) is closed and

ker(A) = ker(A|ar) @ ker(A|y) C A"(M) ® A™(N) = A™(V;F)

for all n € N. Therefore A is semi-regular. As a consequence Rq(A) is semi-
regular if and only if Ry(A)|x and R4(A)|n are semi-regular. Therefore
ia(A) = 03, (Ala) U 07, (Al ). O

8. Generalized Kato Decomposition

In this section we introduce an important property of decomposition for
bounded operators which involves the concept of semi-regularity and nilpo-
tent nature. We define the generalized Kato decomposition in the quater-
nionic setting following its complex counterpart. For the complex theory we
refer the reader to [2,6].

Definition 8.1. An operator A € B(V{) is said to be nilpotent of order d € N
if A7 = 0 while A%~ # 0. Tt is said to be quasi-nilpotent if lim [|A™[/"™ = 0.

Proposition 8.2. Let A € B(Vit). If A is quasi-nilpotent then og(A) = {0}.

Proof. The S-spectral radius of A € B(Vif) is defined as rg(A) = sup{|q| | q €

os(A)}, see [12] page 90. By Theorem 4.2.3 of [12], rg(A) = lim [ A™|*/".

Therefore, if A is quasi-nilpotent, then rg(A) = 0, and hence og(A) = {0}.
O



Kato S-Spectrum Page 29 of 33 40

Definition 8.3. An operator A € B(Vif) is said to admit a generalized Kato
decomposition, abbreviated as GKD, if there exists a pair of A-invariant
closed right linear subspaces (M, N) such that Vif* = M @ N, the restrictions
Al is semi-regular and A|y is quasi-nilpotent.

For example, every semi-regular operator has a GKD M = V;# and
N = {0}. Every quasi-nilpotent operator has a GKD, M = {0} and N = V.

Definition 8.4. In Definition 8.3, if A|y is nilpotent then there exists d € N
such that (A|x)? = 0. In this case A is said to be Kato type of order d. In
general any such operator is said to be of Kato type.

Definition 8.5. An operator A € B(V;f) is said to be essentially semi-regular
if it admits a GKD (M, N) such that N is finite dimensional.

Proposition 8.6. Fvery quasi-nilpotent operator on a finite dimensional VI{”
is nilpotent.

Proof. Suppose Vi is finite dimensional, dim(V;f') = n < oo and A € B(V;f)
is quasi-nilpotent. Then og(A) = {0}, also A is an n X n quaternionic matrix.
Since og(A) = {0}, by the Jordan canonical form, A is similar to a matrix
whose only non-zero entries are on the super-diagonal (see [4] section 4.3). In
turn this is equivalent to A¥ = 0 for some k € N. a

Remark 8.7. From Proposition 8.6, if A € B(V;) is essentially semi-regular
then A|y is nilpotent. Thus we have the following implications:
A is semi-regular = A is essentially semi-regular = A is of Kato type.

Theorem 8.8. Suppose that (M, N) is a GKD for A € B(Vit). Then we have

(a) K(A) = K(A|y) and K(A) is closed.
(b) ker(Alpr) = ker(A) N M = K(A) N ker(A)

Proof. A proof follows its complex counterpart. For a complex proof see The-
orem 1.41 in [2]. O

Theorem 8.9. Let A € B(Vif), and assume that A is of Kato type of order
d € N with a GKD (M, N). Then,
(a) K(A) = A>(V);
(b) ker(Alar) = ker(A) N A (ViE) = ker(A) N A™(ViE) for alld <n € N;
(c) A(Vi) + ker(A™) = A(M) @ N for all d < n € N. Moreover A(Vif*) +
ker(A™) is closed in ViE.

Proof. A proof follows its complex counterpart. For a complex proof see The-
orem 1.42 in [2]. O

Theorem 8.10. Let A € B(Vi) be of Kato type. Then there exists an open
quaternion sphere By(0,¢e) C H for which Rq(A) is semi-regular for all q €

Bu(0,€) \ {0}.
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Proof. Let (M, N) be a GKD for A such that A|y is nilpotent.

Claim: Rq(A)(Vif) is closed for all q € H for which v(A|a) > 3(q).

Since A|y is nilpotent, R4(A|n) is bijective for all ¢ # 0. Thus, N =
Ry (A|n)(N) for all q # 0, and therefore

Rq(A) (Vi) = Ry(A)(M) & Rq(A)(N) = Ro(A)(M) & N, for all q # 0.

By assumption Alys is semi-regular, so by Theorem 7.6 Rq(A|n) is semi-
regular for all q for which v(A|ar) > B(q). So Rq(Alar) is a closed subspace
of M for all q for which v(A|ar) > B(q). Consider the Hilbert space M x N
provided with the canonical norm

1@, V)l = lloll + lvll, ¢ € M, v e N

andlet V: M XN — M& N = Vﬁ?‘ denote the topological isomorphism
defined by U(¢,¢) = ¢ + 1 for every ¢ € M and ¢ € N. Then, for all q for
which v(A|ar) > B(q), since the set Rq(A)(M) x N is closed in M x N, the
set

U(Rq(A)(M) x N) = Rq(A)(M) & N = Rq(A) (Vi)
is closed.
Claim: There is an open ball By(0, €) such that N> (R4(A)) C Rq(A)> (Vi)
for all q € By(0,¢) \ {0}.

Since A is of Kato type, by Theorem 8.8 and Theorem 8.9, the hyper-
range is closed and coincides with K(A), consequently by Theorem 5.21,
A(A= (V) = A (ViE). Let Ag = Al as (). The operator Ay is onto and
hence, by part (b) of Proposition 7.5, Rq(Ag) is onto for all q for which
v(Ap) > B(q). Therefore Ry(A)(A> (Vi) = A>®(ViF) for all q for which
v(Ap) > B(q). Then, by Theorem 5.22, A% (V) is closed, and we infer that
A>®(ViE) € K(Ry(A)) C Rq(A)> (Vi) for all q for which v(4g) > 3(q). By
Theorem 5.4 part (b), we conclude that

N(Rq(A)) C (A%)>(Vif) C A% (Vi) C Rq(A)> (Vi) (8.1)

for all ¢ # 0 for which v(A4p) > (3(q). The inclusion in Equation (8.1)
together with Rq(A)(V4f) being closed for all q for which v(A|r) > B(q),
then imply the semi-regularity of Rq(A) for 0 < |q] < B(q) < €, where
e = min{y(Ao),v(A|rm)} > 0. O

Definition 8.11. Let A € B(V;f), then the generalized Kato S-spectrum is
defined as

afk(A) ={q e H | Rq(A) is not of Kato type}

and the generalized Kato S-resolvent is pgk(A) =H\ Ufk(A). The essentially
S-semi-regular spectrum and its resolvent are defined, respectively, by
s

and p3,(A) = H\ 05, (A).
From Remark 8.7, clearly, for A € B(V{f), we have
05.(4) C 05.(4) C o, (A) C os(A).

0.,(A) ={q € H | Ry(A) is not essentially semi-regular}
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Corollary 8.12. If A € B(V;F), then Ufk(A) and 5 (A) are compact subsets
of os(A). Moreover, o3, (A) \ofk (A) and o5, (A) \ afk(A) consists of at most
countably many isolated points.

Proof. From Theorem 8.10, clearly pgsk(A) =H\ agsk(A) and pS(A) = H\

S

02,(A) are open subsets of H, and hence U?k (A) and o2 (A) are closed subsets

of the compact set og(A). Therefore, O’S'k(A) and o9 (A) are compact subsets
of o5(A). If qo € 02,(A) \ Ufk(A) then Rq(A) is semi-regular as q belongs to
a suitable punctured ball centered at qo. Hence, o5 (A) \ogk(A) consists of

at most countably many isolated points, and the same argument is true for
o5,(A) \ 05, (A). O

€es

9. Conclusion

We have studied the surjectivity S-spectrum, Kato S-spectrum, generalized
Kato spectrum, essentially semi-regular S-spectrum and approximate S-point
spectrum of a bounded right linear operator on a right quaternionic Hilbert
space Vi without introducing a left multiplication in V. We have also
established various connections between these spectra. In particular, we have
proved that the Kato S-spectrum is a non-empty compact subset of the S-
spectrum.

We have also introduced and studied local S-spectrum o 4(¢) at a point
¢ € Vit and the local S-spectral subspace X 4(F) of a bounded right linear
operator A associated with a set F' to certain extent. In the complex theory,
the local spectrum o4(¢) and local spectral set X4(F') play an important
part, as theory itself, in establishing several important results regarding the
Kato, generalized Kato and many other parts of the spectrum. In particular,
the equality, for a vector ¢ in the complex Hilbert space $ and A € C,

oa(¢) = oa(f(N), (9.1)

where f : U — § is an analytic function defined in an open neighborhood
U of A for which (A — Mg)f(u) = ¢ for all u € U, see Theorem 2.2 in
[2] or Theorem 1.2.14 in [21]. Unfortunately, under the current set up of
the manuscript, we have experienced difficulty in establishing an identity
similar to Eq. (9.1). This fact have affected our ability in establishing several
results valid in the complex case to quaternions. In particular, we have shown
that the generalized Kato S-spectrum is a compact subset of the S-spectrum,
however, we were unable to show that the non-isolated points of dog(A)
belongs to Ufk (A) which is the case in the complex setting.
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